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Utilitarian Aggregation with Heterogeneous Beliefs†

By Antoine Billot and Xiangyu Qu*

The utilitarian aggregation rule requires social utility and beliefs to 
be a convex combination of individual utilities and beliefs, respec-
tively. Since, in the case of belief heterogeneity, the standard Pareto 
condition is incompatible with such a separate aggregation, a new 
condition, called the belief-proof Pareto condition, is proposed to 
alleviate occurrences of spurious agreement by restricting unanimity 
to beliefs that can be considered reasonable by society. Then, we 
show, in the Anscombe-Aumann and the Savage framework, that the 
belief-proof Pareto condition is equivalent to separate aggregation of 
individual beliefs and tastes. (JEL D11, D71, D83)

Harsanyi (1955) proposes an axiomatic justification of the utilitarian aggregation 
rule that is based, on the one hand, on Bayesian rationality and, on the other 

hand, on the Pareto condition. These two principles are well known to imply social 
utility to be a combination of individual utilities (Harsanyi’s aggregation theorem). 
Nevertheless, these two requirements lead to an impossibility result in a framework 
à la Savage (1954), where individual beliefs are subjective and possibly heteroge-
neous (see, e.g., Hylland and Zeckhauser 1979 and Mongin 1995). In the case of 
belief heterogeneity, either Bayesian rationality, i.e., subjective expected utility, as 
imposed on society, or the standard Pareto condition should be rejected. At least 
two main approaches have been suggested to address this impossibility. On the one 
hand, the non-Bayesian approach calls for retaining the original Pareto condition in 
full strength and relaxing the assumption of social preferences consistent with the 
subjective expected utility model (SEU).1 On the other hand, the Bayesian approach 
advised by Mongin (1995) calls for retaining the assumption of SEU social pref-
erences and, consequently, criticizes the Pareto condition as a normative principle.

At first glance, the Pareto condition seems to be uncontroversial. However, Gilboa, 
Samet, and Schmeidler (2004)—henceforth, GSS—produce an example, a duel, 
in which both agents prefer fighting to not fighting, although based on conflicting 
beliefs. Such unanimity without unanimous reasons—called spurious unanimity by  

1 For instance, Crès, Gilboa, and Vieille (2011); Alon and Gayer (2016); and Qu (2017) propose that social 
preferences admit a maxmin expected utility representation, while Danan et al. (2016) propose that social prefer-
ences are Bewley.
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Mongin (1995)—has indeed no true normative standing. The standard Pareto condi-
tion cannot be considered compelling in this situation. Specifically, the impossibility 
of preference aggregation in the case of belief heterogeneity reveals the existence of 
inadmissible beliefs. A natural way to adapt the Pareto condition is to remove these 
inadmissible profiles. GSS accordingly propose a solution that corresponds to a weak-
ening of the Pareto condition such that preference unanimity can only be considered 
conclusive if unanimous preferences are based on agreed-upon beliefs.2

The purpose of this paper is to suggest a new criterion for belief restriction. A soci-
ety that does not want to (or cannot) discriminate among individuals is led to adopt 
something of an “electoral” principle: one man, one prior. Consequently, we assume 
here that unanimity is restricted to all cases in which individual preferences remain 
unchanged with respect to any other individual prior. Formally, individuals and soci-
ety have expected utility preferences. We then single out a new Pareto condition, 
called the belief-proof Pareto condition. This condition entails that society restricts 
unanimity only to those preferences that do not depend on individual beliefs, that 
is, which remain unchanged for all individual beliefs. Then, the belief-proof Pareto 
condition is proved to imply that social utility is a convex combination of individual 
utilities and social beliefs are a convex combination of individual beliefs.

I.  Motivation

Let us revisit the famous GSS example of a duel, showing that the standard 
Pareto condition may not be very plausible for individuals with heterogeneous pri-
ors. Suppose that society ​​ consists of two duelists, Alice and Bob, equipped with 
SEU preferences ​​u​a​​​ and ​​u​b​​​ and priors ​​π​a​​​ and ​​π​b​​​ over set of states ​Ω​. Suppose that ​Ω​ 
consists of two possible states ​​{A, B}​​, where ​A​ corresponds to Alice’s win and ​B​ to 
Bob’s win. The set ​X​ of possible outcomes is defined by the triplet ​​{x, y, z}​​, where ​x​ 
means that Alice is alive but Bob is dead, ​y​ means that Bob is alive but Alice is dead, 
and ​z​ means that there is no duel. Utilities and beliefs are described in the following 
matrices.

u 
    X ​x​ ​y​ ​z​

π 
    Ω ​A​ ​B​

​​u​a​​​ ​1​ ​− 5​ ​0​ and ​​π​a​​​ ​0.9​ ​0.1​

​​u​b​​​ ​− 5​ ​1​ ​0​ ​​π​b​​​ ​0.1​ ​0.9​

Now, compare the duel act ​f  =  xAy​ with the constant nonduel act ​z​. Since both 
individual preferences are assumed to be SEU, it is straightforward that both indi-
viduals prefer fighting to not fighting. Should society necessarily consider that it is 
compelling to adopt such a preference, that is, to prefer the duel? In agreement with 
many others, especially GSS, we do not believe this is necessarily the case. Observe 
that this apparent unanimity is based on conflicting individual utilities and beliefs. 

2 However, for being applied within SEU, this suggestion needs individual priors to conform to countable addi-
tivity. Recent versions of the Pareto condition are also defined as restrictions: while GSS restrict Pareto dominance 
to common-belief acts, Danan et al. (2016), for instance, restrict it to common-taste acts.
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In fact, no single probability can be found such that both individuals prefer the duel 
to the nonduel. Although society would believe ex ante that there exists a reason-
able prior supporting the duel, in this example, no hypothetical prior can rationalize 
such apparent unanimity. Such unanimity is therefore spurious, and indeed, it is not 
appealing for society to comply with it.

An essential question is the following: what are the persuasive reasons for soci-
ety to comply with unanimity preferences? One might suggest that if there exists a 
probability distribution such that unanimity preferences can be rationalized, then it 
should be compelling for society to adopt these preferences. However, the choice of 
an arbitrary probability violates methodological individualism since methodological 
individualism requires society to be neutral and respectful of individual motives.3 
According to this principle, it is natural for society to consider all individual beliefs 
reasonable and to accommodate them rather than choosing at random any discretion-
ary prior. Consequently, for society, there is a priori no difference between the set of 
individual beliefs and the set of all reasonable priors. Hence, since, on the one hand, 
any individual prior is reasonable, and on the other hand, to be compelling, unanimity 
preferences are expected to preserve unanimity under reasonable beliefs, unanimity 
preferences should therefore preserve unanimity under any individual prior. This is 
consistent with the modern postulate whereby a democratic society should commit 
itself to not discriminate among individuals. Society is then supposed to restrict una-
nimity to the only situation where this principle can be active, that is, whenever indi-
vidual preferences remain unchanged with respect to any individual prior.

In the original GSS duel example, unanimity is not preserved for both priors. 
Now, consider a slightly modified duel example where individual utilities and 
beliefs are given as follows.

u 
    X ​x​ ​y​ ​z​

π 
    Ω ​A​ ​B​

​​u​a​​​ ​1​0 ​−1​ ​0​ and ​​π​a​​​ ​0.9​ ​0.1​

​​u​b​​​ ​− 1​ ​10​ ​0​ ​​π​b​​​ ​0.1​ ​0.9​

The two duelists improve their respective utilities for ​x​ and ​y​, while they maintain 
the same ranking among ​x, y​, and ​z​. Both individuals still prefer the duel act ​f  =  xAy​ 
to the nonduel act ​z​. However, this unanimous preference can now be supported by 
any reasonable prior, i.e., ​​π​a​​​ and ​​π​b​​​. If we switch individual beliefs from ​​π​a​​​ to ​​π​b​​​ 
for Alice and vice versa for Bob, both individual preferences for ​f​ and ​z​ remain 
unchanged and unanimous. Such unanimity is clearly independent of individual 
beliefs in the sense that all permutations between priors do not modify individual 
preferences. Then, it seems sensible for society to adopt it.

This situation is reminiscent of a strategy-proof game, namely, a game that is 
immune to information manipulation. By analogy, we called belief-proof Pareto a 
condition such that, every time unanimity preferences can be rationalized by all 
individual priors, society complies with it—that is, society is immune to belief 

3 See Hayek (1948) for a detailed discussion of the epistemological issue of individualism when studying social 
phenomena and Arrow (1994) for a more recent discussion.
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manipulation. In contrast to the standard Pareto condition where unanimity is 
required with respect to individual rationality, the belief-proof Pareto condition 
instead requires a kind of social rationality in the sense that none of the individual 
priors prevents unanimity preferences. To a certain extent, in our view, this consti-
tutes a minimal democratic requirement for a society consisting of individuals with 
heterogeneous beliefs.

The paper proceeds as follows: in Section  II, the normative background is 
described, and the belief-proof Pareto condition is displayed. Then, we prove (under 
a mild assumption of minimal agreement) that it implies separate aggregation in 
the Anscombe-Aumann model. In Section III, the belief-proof Pareto condition is 
updated for the fully subjective expected utility model. Then, we prove that it is also 
equivalent to separate aggregation. In Section IV, the assumption of minimal agree-
ment is relaxed. Two slightly stronger conditions are introduced, and we show that 
these conditions are also equivalent to separate aggregation. In Section V, the way 
these conditions relate to alternative conditions is discussed. In particular, we spec-
ulate on the meaning of the choice between a “pure” Savage setting or a “Savage-
Arrow” setting. This difference appears to be central to understanding the relation 
between our results and those of GSS.

II.  Anscombe-Aumann Preferences

We use Fishburn and Fishburn’s (1970) version of the Anscombe-Aumann (AA) 
model. The set of states of the world is ​Ω​, and it is endowed with an algebra  of 
events. Let ​X​ be a set of outcomes. Let ​Δ​ be the set of all the probability distribu-
tions on ​X​ with a finite support. An act is a finite-outcome function ​f : Ω  →  Δ​.4  
The set of all acts is denoted by ​​(Δ)​​. Society is a finite set of individuals  
​  = ​ {1, … , I}​​. Individual ​i  ∈  ​ has preferences ​​≿​i​​  ⊂  ​(Δ)​ × ​(Δ)​​, whereas 
social preferences are denoted by ​​≿​0​​  ⊂  ​(Δ)​ × ​(Δ)​​. For ​0  ≤  i  ≤  I​, the 
relations ​​∼​i​​​ and ​​≻​i​​​ are defined as the symmetric and asymmetric parts of ​​≿​i​​​. We 
assume that each preference relation is represented by an expected utility function  
​​𝐄​i​​ : ​(Δ)​  →  ℝ​: for ​0  ≤  i  ≤  I​, there exists a utility function ​​u​i​​​ on ​X​ and a finitely 
additive probability measure ​π​i​​ on  such that every act f is ranked on the basis of  
​​𝐄​i​​​(f  )​  = ​ ∫ Ω​ 

 
 ​​​u​i​​​(f )​ d​π​i​​​.

5 Moreover, ​(​u​i​​, ​π​i​​)​ is the unique pair that represents ​≿​i​​ (up to 
an increasing affine transformation of ​​u​i​​​).

We introduce a mild restriction of minimal agreement, which will be relaxed in 
Section IV.

Minimal Agreement Outcome (MAO).—There are ​z, z′  ∈  X​ such that ​z ​≻​i​​ z′​ for 
all ​0  ≤  i  ≤  I​.

Note that MAO implies immediately that each utility function is nonconstant. 
Owing to the affine utility function, we can normalize the utility function by assum-
ing ​​u​i​​​(z)​  =  1​ and ​​u​i​​​(​z ′ ​)​  =  0​ for ​0  ≤  i  ≤  I​.

4 ​f​ is a finite-outcome function if its outcome set ​f​(Ω)​  =  ​{f​(ω)​ ∣ ω  ∈  Ω}​​ is finite.
5 Actually, ​​𝐄​i​​​(f )​  =  ​∫ Ω​ 

 
 ​​​(​∑ x∈X​   ​​ ​u​i​​​(x)​f​(ω)​​(x)​)​ d​π​i​​​(ω)​​. By a slight abuse of notation, we also define ​​u​i​​ : Δ  →  ℝ​ 

by ​​u​i​​​(P)​  =  ​∑ x∈X​   ​​ ​u​i​​​(x)​P​(x)​​. Using this definition, ​​𝐄​i​​​ can be written exactly as above.
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In the face of heterogeneous beliefs, it is important for society to form an accept-
able probability measure to evaluate every possible act. However, we assume that 
society does not possess any extra information. Therefore, social beliefs rely solely 
on individual probability estimations. Without taking a stance on which individual 
beliefs are correct, society could not rule out any individual prior by proving it 
wrong. Instead, it is natural for society to consider each individual prior as a reason-
able probability estimation. The insight from the following Pareto condition is that 
the unanimity condition applies if this unanimity is invariant with respect to every 
individual prior. In that sense, it recalls strategy-proofness in game theory since this 
form of unanimity is immune to any belief manipulation. Specifically, we propose 
that if each individual prefers an act to another act under every reasonable belief, 
then so does society. For ​f  ∈  ​, we denote by

	​​ 𝐄​ij​​​(f)​  = ​ ∫ 
 
​ 
 
​​​u​i​​​(f )​ d​π​j​​​

the virtual expected utility of ​f​ with respect to ​i​’s utility and ​j​’s belief.

Belief-Proof Pareto Condition (AA).—For all acts ​f​ and ​g​ in ​​(Δ)​​, if, for 
every ​i, j  ∈  ​, ​​𝐄​ij​​​( f )​  ≥ ​ 𝐄​ij​​​(g)​​, then ​​𝐄​0​​​( f  )​  ≥ ​ 𝐄​0​​​(g)​​.

If individuals have common beliefs, as in Harsanyi (1975), that is, if ​​π​i​​  =  π​ 
for every ​i  ∈  ​, then the belief-proof Pareto condition (BPPC) coincides with the 
standard Pareto condition. The standard Pareto condition states that if every indi-
vidual prefers one act to another act, then so does society. However, to rule out 
spurious unanimities, our criterion requires that every individual should not change 
her choice between two options even if her prior is replaced by any other individual 
prior. This principle makes social choice rely not only on the direct preferences 
comparison but also on the belief-adjusted preferences comparison, which leaves no 
room for spurious unanimity.6

THEOREM 1: Assume MAO. BPPC (AA) is satisfied if and only if ​​π​0​​​ is a convex 
combination of ​​​{​π​i​​}​​ i=1​ 

I ​​  and ​​u​0​​​ is a convex combination of ​​​{​u​i​​}​​ i=1​ 
I ​​ .

PROOF:
The necessity part is straightforward. We only prove that BPPC (AA) implies 

that ​​u​0​​​ and ​​π​0​​​ are convex combinations of ​​​{​u​i​​}​​ i=1​ 
I  ​​ and ​​​{​π​i​​}​​ i=1​ 

I  ​​, respectively. Note that 
for each ​i, j  ∈  ​, every virtual expected utility ​​𝐄​ij​​​ is an affine function on ​​(Δ)​​. Due 
to the convexity of set ​​(Δ)​​, Harsanyi’s aggregation theorem applies.7 That is, there 
exist ​​γ​ij​​  ≥  0​ with some ​​γ​ij​​​ strictly positive such that, for all ​f  ∈  ​,

	​​ 𝐄​0​​​(f )​  = ​  ∑ 
i, j∈

​ 
 

 ​​​ γ​ij​​ ​𝐄​ij​​​(f )​.​

6 By symmetry, we suggest that each individual taste can be a reasonable representation of social taste. As a 
result, society is supposed to restrict unanimity only to cases in which individual preferences remain unchanged 
with respect to any other individual taste. It is clear that such a modified condition also leads to a utilitarian repre-
sentation of preferences. We thank a referee for highlighting this point.

7 For a more detailed result, see De Meyer and Mongin (1995).
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Let ​​α​i​​  = ​ ∑ j​ 
 
 ​​​γ​ij​​​. Then, for every ​x  ∈  X​

	​​ u​0​​​(x)​  = ​ ∑ 
ij
​ 

 

 ​​​ γ​ij​​ ​u​i​​​(x)​  = ​ ∑ 
i
​ 
 

 ​​​ α​i​​ ​u​i​​​(x)​.​

Recall, by MAO, that there exist ​z, z′  ∈  X​ such that ​​u​i​​​(z)​  =  1​ and ​​u​i​​​(z′)​  =  0​, for 
each ​0  ≤  i  ≤  I​. As a result, we have

	​​ u​0​​​(z)​  = ​ ∑ 
i
​ 
 

 ​​​ α​i​​ ​u​i​​​(z)​  ⇒ ​ ∑ 
i
​ 
 

 ​​​ α​i​​  =  1.​

Therefore, social utility is a convex combination of individual utilities. Furthermore, 
we have

	​​ ∑ 
ij
​ 

 

 ​​​ γ​ij​​  =  1.​

Let ​​β​j​​  = ​ ∑ i​ 
 
 ​​​γ​ij​​​. Now select any event ​E​ in ​​. Then, we have

	​​ π​0​​​(E)​  = ​ 𝐄​0​​​(zEz′)​  = ​ ∑ 
ij
​ ​​​ γ​ij​​ ​𝐄​ij​​​(zEz′)​  = ​ ∑ 

ij
​ ​​​ γ​ij​​ ​π​j​​​(E)​  = ​ ∑ 

j
​ ​​​ β​j​​ ​π​j​​​(E)​.​

It is then immediate that ​​π​0​​  = ​ ∑ j​ 
 
 ​​​β​j​​ ​π​j​​​. Hence, the social belief is also a convex 

combination of individual beliefs. ∎

Theorem 1 illustrates the relationship between BPPC (AA) and the separate 
aggregation rule. Note that BPPC (AA) is more general than the standard Pareto 
condition because the unanimity condition is applied to both ​I​ individuals and  
​I​(I − 1)​​ virtual individuals.8

III.  Savage Preferences

In this section, we consider a Savage setup. Let ​Ω​ be a set of states of the world. 
The algebra of all subsets of ​Ω​ is denoted by ​​. Let ​X​ be a set of outcomes. An 
act is a finite-outcome function ​f : Ω  →  X​. The set of all acts is denoted by ​​. 
Society is a finite set of individuals ​  = ​ {1, …, I}​​. Individual ​i  ∈  ​ has pref-
erences ​​≿​i​​  ⊂   × ​, whereas social preferences are denoted by ​​≿​0​​  ⊂   × ​. 
For ​0  ≤  i  ≤  I​, the relations ​​∼​i​​​ and ​​≻​i​​​ are defined as the symmetric and asym-
metric parts of ​​≿​i​​​, as usual. We assume that each preference relation is represented 
by a subjective expected utility SEU function ​​𝐄​i​​ :   →  ℝ​. For ​0  ≤  i  ≤  I​, there 
exists a utility function ​​u​i​​​ on ​X​ and a finitely additive and nonatomic probability 
measure ​​π​i​​​ on , such that every act f is evaluated by ​​𝐄​i​​( f )  = ​ ∫ Ω​ 

 
 ​​​u​i​​( f ) d​π​i​​​.

9 Moreover,  
(​​u​i​​​, ​​π​i​​​) is the unique pair that represents ​≿​i​​ (up to an increasing affine transforma-
tion of ​​u​i​​​). As in the preceding section, MAO is assumed. As above, we normalize 

8 In our framework, MAO is necessary to exclude a constant social utility function (Qu 2017). To achieve sepa-
rate aggregation without MAO, the Pareto condition must be further strengthened. See Section IV.

9 A probability measure ​π​ is said to be nonatomic if, for every event ​E​ with ​π​(E)​  >  0​ and any ​α  ∈  ​(0, 1)​​, 
there exists an event ​F  ⊂  E​ such that ​π​(F)​  =  απ​(E)​​.
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the expected utility representation by assuming that ​​u​i​​​(z)​  =  1​ and ​​u​i​​​(z′)​  =  0​ for 
each ​0  ≤  i  ≤  I​.

Note that since the set ​​ of acts is not convex, the Pareto condition and technique 
developed in the AA framework are no longer valid in a Savagian framework.

Fix ​0  ≤  i  ≤  I​. For ​f  ∈  ​, ​Y  ⊆  X​, define a probability distribution ​​λ​ i​ 
f​​ on ​X​ by

	​​ λ​ i​ 
f​​(Y)​  = ​ π​i​​​(​{ω  ∈  Ω : f​(ω)​  ∈  Y}​)​.​

That is, ​​λ​ i​ 
f​​(Y)​​ is the probability that the outcome is in ​Y​ if act ​f​ is taken. Let ​Δ​(X)​​ 

be the set of simple probabilities on ​X​.10 Then, the set of all act-induced probabil-
ity distributions over outcomes equals ​Δ​(X)​​. (See theorem 14.3 in Fishburn and 
Fishburn 1970 for a proof.)

LEMMA 1: For ​0  ≤  i  ≤  I​, ​​{​λ​ i​ 
f​ ∣ f  ∈  }​  =  Δ​(X)​​.

Fix ​0  ≤  i  ≤  I​. We can use ​​≿​i​​​ to define a binary relation ​​≿​ i​ 
∗​​ on ​Δ​(X)​​.  

If ​p  ∈  Δ​(X)​​, Lemma 1 allows us to construct an act ​f  ∈  ​ such that ​p  = ​ λ​ i​ 
f​​. 

Therefore, for ​p​ and ​q​ in ​Δ​(X)​​, let ​f, g​ be such that ​p  = ​ λ​ i​ 
f​​ and ​q  = ​ λ​ i​ 

g​​, and define  
​​≿​ i​ 

∗​​ as follows:

	​ p ​ ≿​ i​ 
∗​  q    ​(or, equivalently ​λ​ i​ 

f​ ​ ≿​ i​ 
∗​ ​ λ​ i​ 

g​)​    if  f ​ ≿​i​​  g.​

SEU representation of ​​≿​i​​​ implies that ​​≿​​ ∗​​ is well defined for any ​f​ and ​g​ such 
that ​​λ​ i​ 

f​  =  p​ and ​​λ​ i​ 
g​  =  q​. The equivalence between the two relations refers to prop-

osition (9.15) in Kreps (2018).

LEMMA 2: For ​0  ≤  i  ≤  I​, for ​p, q  ∈  Δ​(X)​​, let ​f​ and ​g​ be such that  
​p  = ​ λ​ i​ 

f​​ and ​q  = ​ λ​ i​ 
g​​. Then, ​p  ​≿​ i​ 

∗​  q​ if and only if ​​E​i​​​( f )​  ≥ ​ E​i​​​(g)​​.

Seek now a condition implying separate aggregation in a Savage framework. 
Assume that for three acts ​f​, ​g​, and ​​g ′ ​​, all individuals agree that a half-half mixture 
between the induced probabilities of ​g​ and ​​g ′ ​​ cannot be better than ​f​. That is, in terms 
of preferences over induced probability distributions, for each ​i  ∈  ​,

	​​ λ​ i​ 
f​ ​ ≿​ i​ 

∗​ ​  1 _ 
2
 ​ ​λ​ i​ 

g​ + ​ 1 _ 
2
 ​ ​λ​ i​ 

g′​.​

In addition, we assume that every ​j​ also agrees with ​i​ about these induced proba-
bility distributions. That is, for each ​i, j  ∈  ​,

	​​ λ​ i​ 
f​ ​ ≿​ j​ 

∗​ ​  1 _ 
2
 ​ ​λ​ i​ 

g​ + ​ 1 _ 
2
 ​ ​λ​ i​ 

g′​.​

10 We say a probability is simple if it contains finite outcomes.
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Then, we argue that it stands to reason that society would reach the same conclu-
sion, namely,

	​​ λ​ 0​ 
f ​ ​ ≿​ 0​ 

∗​ ​  1 _ 
2
 ​ ​λ​ 0​ 

g​ + ​ 1 _ 
2
 ​ ​λ​ 0​ 

g′​.​

The following axiom generalizes this example. If all individuals prefer a mixture 
of a set of induced acts to a mixture of another set of induced acts with respect to 
every individual belief, then so does society.

Belief-Proof Pareto Condition (S).—For every act ​​f​n​​, ​g​m​​  ∈  ​, ​n  =  1, …, N​,  
​m  =  1, …, M​, and every pair of numbers ​​α​n​​  ≥  0​ and ​​β​m​​  ≥  0​ such 
that ​​∑ n​ 

 
 ​​​α​n​​  =  1​ and ​​∑ m​ 

 
 ​​​ β​m​​  =  1​, if ​​∑ n​ 

 
 ​​​α​n​​ ​λ​ i​ 

​f​n​​​ ​ ≿​ j​ 
∗​ ​ ∑ m​ 

 
 ​​​ β​m​​ ​λ​ i​ 

​g​m​​​​ for every ​i, j  ∈  ​, 
then ​​∑ n​ 

 
 ​​​α​n​​ ​λ​ 0​ 

​f​n​​​ ​ ≿​ 0​ 
∗​ ​ ∑ m​ 

 
 ​​​ β​m​​ ​λ​ 0​ 

​g​m​​​​.
Observe that since ​​λ​ i​ 

​f​n​​​, ​λ​ i​ 
​g​m​​​  ∈  Δ​(X)​​ for all ​n, m​, their mixtures, ​​∑ n​ 

 
 ​​​α​n​​ ​λ​ i​ 

​f​n​​​​ 
and ​​∑ m​ 

 
 ​​​ α​m​​ ​λ​ i​ 

​g​m​​​​, are also in ​Δ​(X)​​. Thus, BPPC (S) means that if each individual 
prefers a certain mixing of act-induced probability distributions to another mixing, 
irrespective of the reasonable beliefs that are chosen, then society also prefers the 
former to latter mixture. However, the probability distributions involved will typi-
cally vary across individuals and society. What relates ​​λ​ i​ 

​f​n​​​​ (​​λ​ i​ 
​g​m​​​​) across individuals 

is the fact that each of them is obtained by the same mixture ​​α​n​​​ (​​β​m​​​) of induced 
probability distributions of the same acts ​​f​n​​​ (​​g​m​​​). Since, however, individual priors in 
general do not coincide, these induced probability distributions will typically vary. 
Finally, note that BPPC (S) implies BPPC (AA).

THEOREM 2: Assume MAO. BPPC (S) is satisfied if and only if ​​π​0​​​ is a convex com-
bination of ​​​{​π​i​​}​​ i=1​ 

I ​​  and ​​u​0​​​ is a convex combination of ​​​{​u​i​​}​​ i=1​ 
I ​​ .

PROOF:
Since the necessity part is straightforward, we only prove the sufficiency part. Let

	​ Δ​()​  = ​ {​(​α​1​​, ​f​1​​; …; ​α​N​​, ​f​N​​)​ | N  ≥  1, ​ ∑ 
n=1

​ 
N

  ​​​α​n​​  =  1, ​α​n​​  ≥  0, ​f​n​​  ∈  }​​

be the set of finite-outcome probability distributions over ​​. Clearly, ​Δ​()​​ is a 
convex set. Now, define a function ​​​𝐄̃  ​​ij​​​ on ​Δ​()​​, for every ​F  = ​ (​α​1​​, ​f​1​​; …; ​α​N​​, ​f​N​​)​​, 
as follows:

	​​​ 𝐄̃  ​​ij​​​(F)​  = ​ ∑ 
n
​ 

 

 ​​​ α​n​​ ​𝐄​ij​​​(​f​n​​)​.​

We can define ​​​𝐄̃  ​​0​​​ in a similar way. Consider any pair of acts ​F  
= ​ (​α​1​​, ​f​1​​; …; ​α​N​​, ​f​N​​)​​ and ​G  = ​ (​β​1​​, ​g​1​​; …; ​β​M​​, ​g​M​​)​​ in ​Δ​()​​, and suppose that, 
for every ​i, j  ∈  ​,

	​​​ 𝐄̃  ​​ij​​​(F)​  ≥ ​​ 𝐄̃  ​​ij​​​(G)​.​
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By definition, it is equivalent to ​​∑ n​ 
 
 ​​​α​n​​ ​𝐄​ij​​​(​f​n​​)​  ≥ ​ ∑ m​ 

 
 ​​​ β​m​​ ​𝐄​ij​​​(​g​m​​)​​, that is,

	​​ ∑ 
n
​ 

 

 ​​​ α​n​​ ​∫ 
 
​ 
 
​​​u​i​​​(​f​n​​)​ d​π​j​​  ≥ ​ ∑ 

m
​ 

 

 ​​​ β​m​​ ​∫ 
 
​ 
 
​​​u​i​​​(​g​m​​)​ d​π​j​​.​

By the linearity of the expected utility, it is also equivalent to

	​​ ∫ 
 
​ 
 
​​​u​i​​​(x)​ d​∑ 

n
​ 

 

 ​​​ α​n​​ ​λ​ j​ 
​f​n​​​  ≥ ​ ∫ 

 
​ 
 
​​​u​i​​​(x)​ d​∑ 

m
​ 

 

 ​​​ β​m​​ ​λ​ j​ 
​g​m​​​,​

which means that the necessity part of BPPC (S) is satisfied. Then, we must have

	​​ ∫ 
 
​ 
 

​​​u​0​​​(x)​ d​∑ 
n
​ 

 

 ​​​ α​n​​ ​λ​ 0​ 
​f​n​​​  ≥ ​ ∫ 

 
​ 
 
​​​u​0​​​(x)​ d​∑ 

m
​ 

 

 ​​​ β​m​​ ​λ​ 0​ 
​g​m​​​,​

which is equivalent to ​​​𝐄̃  ​​0​​​(​∑ n​ 
 
 ​​​α​n​​ ​f​n​​)​  ≥ ​​ 𝐄̃  ​​0​​​(​∑ m​ 

 
 ​​​ β​m​​ ​g​m​​)​​. We have already proven 

that the unanimity condition is satisfied with respect to ​​({​​​𝐄̃  ​​ij​​}​i, j∈​​, ​​𝐄̃  ​​0​​)​​ on the con-
vex set ​Δ​( )​​. Since each ​​​𝐄̃  ​​ij​​​ is an affine function, Harsanyi’s aggregation theo-
rem applies: there exist nonnegative numbers ​​γ​ij​​​ for ​i, j  ∈  ​ such that, for every  
​F  ∈  Δ​()​​, ​​​𝐄̃  ​​0​​​(F)​  = ​ ∑ ij​ 

 
 ​​​ γ​ij​​ ​​𝐄̃  ​​ij​​​(F)​​. For acts ​F  = ​ (1, f )​​ on ​Δ​()​​, we have  

​​​𝐄̃  ​​0​​​(F)​  = ​ 𝐄​0​​​(f )​​ and ​​​𝐄̃  ​​ij​​​(F)​  = ​ 𝐄​ij​​​(f)​​. As a result, we have, for every ​f  ∈  ​,

	​​ 𝐄​0​​​(f )​  = ​ γ​ij​​ ​𝐄​ij​​​(f )​.​

Let ​​α​i​​  = ​ ∑ j​ 
 
 ​​​γ​ij​​​ and ​​β​j​​  = ​ ∑ i​ 

 
 ​​​γ​ij​​​. Repeat a similar argument as in Theorem 1. It is 

then immediate that ​​u​0​​  = ​ ∑ i​ 
 
 ​​​α​i​​ ​u​i​​​ and ​​π​0​​  = ​ ∑ j​ 

 
 ​​​β​j​​ ​π​j​​​. ∎

IV.  Disagreement

MAO was previously assumed for technical reasons. Now, we want to relax it 
since separate aggregation might be an appropriate rule for social contexts without 
any minimal agreement on outcomes. For that purpose, suppose, for simplicity, that 
individuals are AA expected utility maximizers as in Section II. If individual beliefs 
are known, it is possible for society to transform each act into a lottery. Therefore, 
individual preferences over acts can be automatically translated into individual pref-
erences over lotteries. Whenever preferences over lotteries are provided, the Pareto 
condition over lotteries should be applied; that is, unanimous preference comparison 
for lotteries is compelling.

We define ​​≿​ i​ 
∗​​ in a similar way as in Section III. Then, a so-called lottery Pareto 

condition can be formally formulated.

Lottery Pareto Condition (LPC).—For any ​p, q  ∈  Δ​(X)​​, if ​p ​ ≿​ i​ 
∗​  q​ for 

every ​i  ∈  ​, then ​p ​ ≿​ 0​ 
∗​  q​.

Since LPC coincides with the original Pareto condition, the utilitarian result fol-
lows immediately.
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PROPOSITION 1: LPC is satisfied if and only if ​​u​0​​​ is an affine combination 
of ​​​{​u​i​​}​​ i=1​ 

I ​​ .

The role of individuals in economic theory does not truly differ from the role 
of “these individualistic atoms of the rare gas in my balloon” (Samuelson 1966, 
1411).11 Consequently, it is not always necessary for society to fully respect indi-
vidual beliefs. In this situation, LPC is sensible, and society would only be util-
itarian with respect to individual tastes. The next axiom would be useful for the 
characterization of belief aggregation only.

Societal Pareto Condition (SPC).—For all ​f, g  ∈  ​(Δ)​​, if ​​λ​ i​ 
f​ ​ ≿​ 0​ 

∗​ ​ λ​ i​ 
g​​ for 

every ​i  ∈  ​, then ​f ​ ≿​0​​  g​.
SPC basically states that if society prefers an induced probability distribution of 

one act ​f​ to that of another act ​g​ with respect to every individual prior, then society 
should prefer ​f​ to ​g​.

PROPOSITION 2: SPC is satisfied if and only if ​​π​0​​​ is a convex combination  
of ​​​{​π​i​​}​​ i=1​ 

I ​​ .

PROOF:
Denote the social virtual expected utility of ​f​ with respect to individual ​i​’s prior 

by ​​𝐄​0i​​​(f  )​  =  ∫​u​0​​​( f )​ d​π​i​​​. SPC can be rewritten as follows: for all ​f, g  ∈  ​(Δ)​​, 
if ​​𝐄​0i​​​( f )​  ≥ ​ 𝐄​0i​​​(g)​​, for all ​i  ∈  ​, then ​​𝐄​0​​​( f )​  ≥ ​ 𝐄​0​​​(g)​​. Owing to the property of 
SEU, for ​i  ∈  ​, ​​𝐄​0i​​​ is an affine function on the convex set ​​(Δ)​​. Then, Harsanyi’s 
aggregation theorem implies that there exist numbers ​​β​i​​  ≥  0​ with ​​∑ i​ 

 
 ​​​β​i​​  =  1​ such 

that ​​𝐄​0​​​( f )​  = ​ ∑ i​ 
 
 ​​​β​i​​ ​𝐄​0i​​​( f  )​​. Hence, ​​π​0​​  = ​ ∑ i​ 

 
 ​​​β​i​​ ​π​i​​​.

LPC and SPC imply BPPC (AA), but the opposite is not true. In other words, with 
a weaker condition, MAO is also a necessary condition for separate aggregation. ∎

PROPOSITION 3: LPC and SPC imply BPPC (AA).

PROOF:
Let ​f, g  ∈  ​(Δ)​​. Suppose that for all ​i, j  ∈  ​, ​​𝐄​ij​​( f  )  ≥ ​ 𝐄​ij​​​(g)​​. Then, for all 

positive numbers ​​α​i​​​ with ​​∑ i​ 
 
 ​​​α​i​​  =  1​, we have, for all ​j​, ​​∑ i​ 

 
 ​​​α​i​​ ​𝐄​ij​​​( f  )​  ≥ ​ ∑ i​ 

 
 ​​​α​i​​ ​𝐄​ij​​​(g)​​. 

Equivalently, we have

	​​ ∫ 
 
​ 
 
​​​(​∑ 

i
​ 
 

 ​​​ α​i​​ ​u​i​​​(f)​)​ d​π​j​​  ≥ ​ ∫ 
 
​ 
 
​​​(​∑ 

i
​ 
 

 ​​​ α​i​​ ​u​i​​​(g)​)​ d​π​j​​.​

According to LPC, this implies ​​𝐄​0j​​​(f  )​  ≥ ​ 𝐄​0j​​​(g)​​ for all ​j​. Hence, SPC directly 
implies ​​𝐄​0​​​( f  )​  ≥ ​ 𝐄​0​​​(g)​​.∎

11 See Arrow (1994) for a similar viewpoint.
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V.  Concluding Remarks

In a Bayesian environment, where both individuals and society are SEU, many 
alternative principles to guide society in its choices can be found in the literature. 
However, these principles do not all share the same methodological approach. To the 
best of our knowledge, the first alternative principle is suggested by Mongin (2005) 
in his working paper and later published in Mongin (2015), who proposes to con-
sider that a unanimous preference comparison is relevant if and only if all individu-
als agree on both the probabilities and utility rankings underlying these preferences. 
Nevertheless, ordinal rankings do not convey any quantifiable information about the 
difference between evaluations. Therefore, unanimity preferences fail to be compel-
ling insofar as homogeneous ordinal rankings do not constitute a persuasive basis 
for social decision. Alternatively, Billot and Vergopoulos (2016) propose defining 
the social space as the Cartesian product of individual spaces and assume a some-
what extended Pareto principle leading society to be utilitarian. Another approach 
is provided by Mongin and Pivato (2016). They distinguish between objective and 
subjective uncertainty and suggest possible solutions for situations where Pareto 
conditions can be translated through weighted additive utility representations.

In terms of motivation and content, this paper is close to GSS. Let us formally 
restate their restricted Pareto condition. An act ​f​ is said to be a GSS lottery if, for 
every ​x  ∈  X​, ​​λ​ i​ 

f​​(x)​  = ​ λ​ j​ 
f​​(x)​​ for each ​i, j  ∈  ​.

Restricted Pareto Condition (RPC).—For every GSS lottery ​f​ and ​g​, if ​f ​ ≿​i​​  g​ for 
every ​i  ∈  ​, then ​f ​ ≿​0​​  g​.

RPC requires that the Pareto condition only apply to GSS lotteries. It allows for 
separate aggregation only if identical events exist for every possible probability. 
This assumption is quite demanding and rather unrealistic even if when a GSS 
lottery is unanimously preferred to another one, then, according to BPPC, society 
should also adopt such a preference. In standard settings, Anscombe-Aumann and 
Savage, RPC is then too weak to imply the separate aggregation of individual 
utilities. In contrast, BPPC, though stronger than RPC, does not rely on the exis-
tence of these identical events. The economic meaning of the difference between 
BPPC and RPC can be expressed as follows: BPPC does not require the existence 
of events that are equally estimated by all individuals. Moreover, RPC seems to 
be too demanding for a reliable interpretation of the Pareto principle: for instance, 
there may not exist a GSS lottery required by RPC, even when an act unanimously 
first-order stochastically dominates another act. In contrast, under BPPC, in the 
case of unanimity preferences respectful of first-order stochastic dominance, soci-
ety would evidently adopt these preferences. Indeed, this is not to dispute the 
usefulness of RPC. Gilboa, Samet, and Schmeidler (2004) show that RPC is a 
necessary and sufficient condition for separate aggregation in a “Savage-Arrow” 
setting, that is, a special Savage setting with a ​σ​-additive probability measure over 
events. The extension of the Savage domain to the “Savage-Arrow” domain is 
particularly welcome in this context because ​σ​-additivity guarantees the existence 
of identical events for all possible probabilities. However, both de Finetti (1974) 
and Savage (1954) point out that ​σ​-additivity is not a natural requirement for 



VOL. 13 NO. 3� 123BILLOT AND QU: UTILITARIAN AGGREGATION WITH HETEROGENEOUS BELIEFS

behavior.12 Note that since BPPC is stronger than RPC, it is straightforward to see 
that the two principles are equivalent in a “Savage-Arrow” setting.
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