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Bernstein inequalities via the heat semigroup

Rafik Imekraz, E1 Maati Ouhabaz *

Abstract

We extend the classical Bernstein inequality to a general setting including the Laplace-Beltrami
operator, Schrodinger operators and divergence form elliptic operators on Riemannian manifolds or
domains. We prove LP Bernstein inqualities as well as a “reverse inequality” which is new even for
compact manifolds (with or without boundary). Such a reverse inequality can be seen as the dual of
the Bernstein inequality. The heat kernel will be the backbone of our approach but we also develop
new techniques. For example, once reformulating Bernstein inequalities in a semi-classical fashion
we prove and use weak factorization of smooth functions @ la Dixmier-Malliavin and BMO — L™
multiplier results (in contrast to the usual L> — BMO ones). Also, our approach reveals a link
between the LP-Bernstein inequality and the boundedness on LP of the Riesz transform.
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1 Introduction and main results

N )
Given any trigonometric polynomial P(z) = Y. ape’*® for z € R and (a_y,...,an) € C2NT1 the
N

classical Bernstein inequality is given as follows

[P loo < NI P]lco- (1.1)
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This inequality plays an important role in many areas of mathematics such as approximation theory,
random trigonometric series and random Dirichlet series. We refer to the recent survey by Queffélec
and Zarouf [QZ19] for references, history and developments of the Bernstein inequality.

In the present paper we extend this inequality in several directions. The point of view is to
replace the trigonometric polynomials by any combination of eigenfunctions of a given operator L on
a Riemannian manifold. Here L is either the Laplace-Beltrami operator on a compact manifold or a
Schrodinger operator, or a divergence form elliptic operator on a domain. We give a necessary and
sufficient condition involving the heat semigroup (see Theorem 1.2) so that the Bernstein inequality
can be extended to this general setting. We also prove a dual version of that inequality, named below
a reverse Bernstein inequality. This latter inequality is new even for compact Riemannian manifolds
(see (RBy) in Theorem 1.5).

Before stating some of our main results and also previously known ones we start by describing the
setting of the paper.

Let M be a smooth connected Riemannian manifold. We denote by d and p the Riemannian
distance and measure of M. For simplicity, we use the usual notation V(z,r) := u(B(z,r)) for any
x € M and r > 0, where B(z,r) denotes the open ball of centre x and radius r. We assume that
(M,d, ) is a space of homogenous type. That is the following doubling property holds for some
constant C' > 0

V(z,2r) < CV(x,r) forallz € M and ¥r >0.

In(C)

Tn(2) such that :

It follows easily from this property that there exists a positive constant n <

V(x,sr) < Cs"V(x,r) forall s> 1. (1.2)

1

1oe(M), we consider the Schrodinger operator

Given a non-negative potential W € L
L:=—-A+W.

As usual, L is defined through its quadratic form (see the monographs of Davies [Dav89a] or Ouhabaz
[Ouh05, Chapter 1]). It is a non-negative self-adjoint operator on L?(M) with an appropriate dense
domain D(L) containing C°(M). It is a basic fact that —L is the generator of a positive semigroup
(e7t)y>0 of contractions on L?(M). We assume that eI is given by an integral kernel p;(z,y) in
the usual sense

)@ = [ il f@)duty)
M

for every f € L?(M) and for almost every = € M. The function p;(z,y) is called the heat kernel of L.
We assume that p;(x,y) satisfies the following Gaussian upper bound

T 2
e < s (52 ©

for some positive constant C, for any ¢t > 0 and for almost every (z,y) € M x M. We recall that due
to the non-negativity of the potential W, the Gaussian upper bound (G) holds for the heat kernel of L
if it holds for the heat kernel of A (see [Ouh05, page 195]). The validity of (G) for the Laplacian is a
classical subject which has been studied for many years, see e.g. Li and Yau [LY86], Davies [Dav89al,
Grigor’yan [Gri09] and the references therein.



For the sake of clarity, we begin by stating our results in the case where the spectrum of the
Schrodinger operator L is discrete. In this case, we denote by ()\z) the sequence of eigenvalues of L
and ¢, the corresponding normalized eigenfunctions as follows

Lo = Mg, prlly =1, 0< A <A <-ov— +o00. (1.3)

The discreteness of the spectrum of L holds for instance if M is compact or if M = R% and W (z) — 400
as |x| — +oo. In addition, since M is connected, it is a basic fact that the first eigenvalue )\(2) is simple.
Hence, A\ > 0 for all £ > 1.

Theorem 1.1. Suppose that the doubling condition (1.2) and the Gaussian upper bound (G) are
satisfied. Assume also that L = —A + W has discrete spectrum (with the above notations (1.3)) and
let p € [1,2]. Then the following Bernstein inequality holds: there exists a constant C > 0 such that
for every N > 1 and every (N + 1)-tuple of coefficients (v, ..., ay) € CN*TL,

N N N
1V (3 anen) Iy + VW (X anen) ln < Can 11 anse)llp- (By)
k=0 k=0 k=0

Our next result is for the case p € [2,00]. In this case, one needs a regularity property of the heat
semigroup, which turns out to be also necessary.

Theorem 1.2. Assume the doubling condition (1.2) and the Gaussian upper bound (G). Assume also
that L = —A + W has discrete spectrum (with the above notations (1.3)). For any p € [2,00], the
Bernstein inequality (Bp) is equivalent to the following regularity property

_ f— _ C

Ve tLHpﬂp +[[VWe tLHpHp <=

Vit

We view our estimate (B)) as a generalization of the Bernstein inequality (1.1) (in L) in which

the derivative % is replaced by V and the trigonometric polynomial P(z) by a combination of eigen-
functions since it encompasses

forallt > 0. (Rp)

N N
uv(kz:%awk)np < Oy u(kzzjoam)up. (1.4)

Remark 1.3. i) The above results as well as the forthcoming ones are also valid if one replaces M
by any open subset 2 of M. For general Q, the space (2, d, ;1) may not be a space of homogeneous
type. The assumptions here are (G) holds on a.e. x,y € Q and M satisfies (1.2).

ii) Theorem 1.2 shows the link between the Bernstein inequality (B),) and the Riesz transform through

the regularity property (Ry). We shall make this more precise after the statement of Theorem 2.2.

iii) If (R,) is replaced with the weaker bound |[Ve 'L, < %, our proof shows (B,) with the
gradient term only, i.e. (1.4) holds. The same remark applies to the term |[vVWe | ,-,.

The question of extending the original Bernstein inequality by replacing the trigonometric polyno-

mials by eigenfunctions of a given self-adjoint operator has been considered in the past. For instance, an
important local version of the Bernstein inequality was obtained by Donnelly and Fefferman [DF90] on



boundaryless compact Riemannian manifolds. Motivated by a stronger version of the local Donnelly-
Fefferman inequalities, Ortega-Cerda and Pridhnani proved in [OCP13, Corollary 3.3] a Bernstein
inequality for a single eigenfunction ¢, of L = —A, namely,

IVrlloe < Chk |9kl o -

Actually, the general form (1.4) is conjectured in [OCP13, page 157] but appears to be a consequence
of [FM10, Theorem 2.1] by Filbir and Mhaskar and heat kernel estimates of the Laplace-Beltrami op-
erator. The paper [FM10] deals with operators in an abstract setting, however additional assumptions
are made on the heat kernel such as gradient estimates which are rather restrictive. A related result is
given by Imekraz [Imel9, Theorem 5.3] for the case of Schrédinger operators of the form —A + |z|?®
for & € N* on R?%. Although the method of the latter paper is quite flexible, it deals with a specific
class of pseudo-differential symbols. In contrast, the approach of the present paper is more general
and gives a unified framework relying merely on estimates on the heat semigroup. Our results extend

N
the results mentioned above in many directions. Not only we deal with both terms V( > akék)
k=0

N

and \/W( > ak¢k) for Schrédinger operators in our estimates, we also assume much less regularity
k=0

properties on the associated heat kernel. Our method is very flexible and applies to operators on

domains of M. It also applies to elliptic operators in divergence form

0

L=— Zn: F <Ckz($)ail)

k=1 Iy

with bounded measurable coefficients ¢ on domains of R™ (see Section 8).
By similar ideas we also prove LP(M) — L%(M) Bernstein inequalities. More precisely,

Theorem 1.4. Suppose the doubling property (1.2) and the Gaussian upper bound (G). Suppose in
addition that

|pe(z, z)| < th/2 forallt € (0,1 and a.e. z € M (1.5)

for some constant m > 0. Then, for any couple (p,q) satisfying 1 < p < q < 2, there is a constant
C > 0 such for every N > 1 and every (N + 1)-tuple of coefficients (aq, ..., an) € CNT! the following
inequality holds

171|
q

730wt + VP 3 ], < o™
k=0 g k=0 q

N

Z akd)k’” . (Bpg)
k=0 P

If the regularity property (Rq,) holds for some qq € (2,00], then (B q) holds for 1 <p < q < qo.

Note that obviously (1.5) follows from (G) if V(z,r) > Cr™ for all x € M and r € (0,1]. On the
other hand, it is known that (1.5) for some m € (2, +0o0) and all ¢ > 0 is equivalent to a global Sobolev
inequality (see Varopoulos [Var85] or Davies [Dav89a|, Section 2.4).

Now we describe briefly the strategy of the proofs. We borrow some ideas from two different
subjects which are semi-classical analysis and the theory of spectral multipliers. Firstly, we reformulate
(Bp) as the semi-classical Bernstein estimate

IVonDfl, + [Vemns| < =1, h>0. fe () (5B,)

4



for every given ¢ € C2°(]0,00)) and C'is a positive constant which may depend on . It turns out that
(Bp) and (SB)) are equivalent (see Section 2). The reformulation (SB,) allows us to apply techniques
of spectral multipliers. Another advantage of (SB)) is that it can be considered without assuming the
spectrum of L to be discrete. We deals with (B, 4) in Theorem 1.4 in a similar way. Now, in order to
prove (SB,) we write
—igr_9€_

V2r

so that we need LP-estimates for Ve "(2—i)L and \/We*h@“f)L. To estimate Ve " and vWe "L
we use weighted L?-estimates due to Grigor’yan [Gri95] (proved there in the case where W = 0). The
LP-estimates of the remaining term e "(1+%L are based on the fact that the estimate (G) for t > 0
extends to ¢t € C*, this fact is taken from Carron, Coulhon and Ouhabaz [CCO02| (a prior related
result was proved by Davies [Dav89a] under the assumption (1.5)). These techniques have been used
to prove spectral multiplier results for sel-adjoint operators in Duong, Ouhabaz and Sikora [DOS02]
(see also Ouhabaz [Ouh05, Chapter 7]).

The first step of the proof of Theorem 1.2 is also based on the semi-classical point of view. In order
to prove that the regularity property (R,) is necessary we need a new argument. It is a based on a
result stating that every smooth function f : R — R belonging to L!(R), as well all its derivatives,
can be written as

v(hL) = [ (e +20e

f=p1*fi+p2x*fo, (1.6)

where p; € C°(R) and f; € L*(R) for i = 1,2. This weak factorization is based on a lemma of Dixmier
and Malliavin [DM78] and it is interesting in its own (see a precise statement in Lemma 4.2).

Another contribution of the present paper is to study lower bounds in the Bernstein inequality. Shi
and Xu [SX10] prove the following upper and lower bounds on a boundaryless compact Riemannian
manifold

C™ N 19kl < IVORI o, < Ok [| D2l o (1.7)

for all k and A > 1. Note that (1.7) is for each single eigenfunction and the proof does not seem
to be adaptable to linear combinations of eigenfunctions. In our next result, we prove lower bounds
for linear combinations of eigenfunctions which we call reverse Bernstein inequalities. We mention
in passing that our results solve a question raised in [SX10] about extending (1.7) for the Neumann
Laplacian on compact manifolds (see the end of the paper).

Theorem 1.5. Suppose that (1.2) and (G) are satisfied and L = —A+W has discrete spectrum (with
the above notations (1.3)). Then we have the following assertions.

i) Forq € [2,00] there exists a constant C' > 0 such that for every N € N and any complex sequence
(o) k>N with finite support, the following reverse Bernstein inequality holds

+o00 +o00 +o00
O Y andilla < IV (Y awde)llo + IV (S ande)llo (RB,)
k=N k=N k=N

ii) For q € (1,2), if the Bernstein inequality (Bp) holds for p = q%, then the reserve inequality
(RB,) holds.

iii) For q =1, if (Bs) and 1&1{4 V(z,1) > 0 are satisfied, then (RB1) holds.



To the best of our knowledge, the previous reverse Bernstein inequalities are new even for trigono-
metric polynomials. In this case, the action of the gradient is similar to that of a multiplier and (RBy)
holds for all ¢ € [1,+0c]. Therefore, for any N € N* and any sequence (ay)x>n With finite support,
one has

: C :
> O‘kelk'HLq(_mW) S NH > kakeZk'HLq(_ﬂ,ﬂ)- (1.8)
keZ kEZ

|k|>N |k|=N

The proof of the previous theorem appeal to techniques from harmonic analysis which we summa-
rize as follows.

e The reverse Bernstein inequality (RB,) will be a consequence of the following semi-classical
inequality
C
ﬁ\l‘l’(hL)UIlq < [Vullg +[[VWul, (SRBg)
for ¥ € C*°(0,00), ¥ =0 near 0 and ¥ = 1 near co.

e We suitably apply the weak factorization (1.6) in order to reduce (SRB) to the case where W
has compact support in (0, +00).

e For ¢ < 400, (SRB,) with ¥ € C2°(0,00) will follow from a duality argument similar to that
used by Bakry for the Riesz transform (see [CD03, Proposition 2.1] and [Bak85, Section 4]).

e The case ¢ = +00 needs more work and will use in an essential way that the Riesz transform
type operators VL™'/2 and vW L~1/2 are bounded from H} (M) to L'(M), where H} (M) is the
Hardy space associated with L (see Hofmann et al. [HLM™11] and the references there). Such
a boundedness result is proved by Duong, Ouhabaz and Yan [DOYO06] in the case M = R"™ but
their work extends to manifolds under the assumptions (1.2) and (G). Bakry’s duality argument
will be then used to obtain the inequality

ClIVLul proy ) < Voo + IVWl|oo, (1.9)
where BMOp,(M) is a BMO space associated with L.

e In order to obtain (SRB) from (1.9) we prove for appropriate functions ¥

C
ﬁH‘I’(hL)UHoo < [IVLullgaroy (a)-

This inequality expresses the uniform boundedness of ®(hL) from BMOr, (M) into L>° (M) where
O(x) = % Actually, such a boundedness is surprising since one usually proves boundedness

from L* into BMO but not the converse. See Theorem 6.1 and Lemma 7.2 for more details.

Notation. Throughout this paper, the Lebesgue spaces LP(M) are considered with respect to the
Riemannian measure p. The norm in LP(M) is denoted by ||.|,. For a given bounded operator
T : LP(M) — Li(M) we write ||T|,q to denote its norm. The duality LP(M) — LP' (M) is denoted
(f,9), where p' is the dual exponent of p. For a smooth function f, we write ||V f||, instead of |||V f|]|,-
We shall often use C to denote a positive constant which may vary from line to line.

Acknowledgments. The authors would like to thank Peng Chen and Lixin Yan for their generous
help for the proof of the boundedness of (L) from L*(M) into H} (M) for ¢ € C°(0, 00).

The research of R. Imekraz is partly supported by the ANR project ESSED ANR-18-CE40-0028. The
research of E.M. Ouhabaz is partly supported by the ANR project RAGE ANR-18-CE40-0012-01.



2 Semi-classical Bernstein inequalities

In this section, we reformulate the Bernstein inequality (B,) as a semi-classical inequality. As men-
tioned in the introduction, this reformulation does not need L to have a discrete spectrum.

Theorem 2.1. Assume the doubling condition (1.2) and the Gaussian upper bound (G). For any
1 € C([0,00)), there exists a positive constant C = Cy such that for any p € [1,2] the following
holds

IV(hL)fl, + |VIVe(hL)f| < h>0, feLP(M), (SB,)

C
77 1l

Before proving Theorem 2.1, we state for a pedagogical reason a version for any p € [1, +0c| which
shows that (SB,) is equivalent to the regularity property (R,). Its proof will be given in Section 5.

Theorem 2.2. Suppose (1.2) and (G). The following statements are equivalent for any p € [1,+0o0].

i) There exists a non-zero function ¢y € C°(]0,00)) for which the semi-classical Bernstein inequal-
ity (SBp) holds, i.e.,

C
IV00hL) sy + [VW (AL < = for allh >0,

it) For any v € C°([0,00)), the semi-classical Bernstein inequality (SBy) holds, i.e.,

C/
IVe(hL)|), , + Hx/Ww(hL)HTHp <y Jorallh>o
iii) The regularity property (Ry) holds, i.e.,
hL hL c”
|ve HH) +||vwe H]Hp < 5 fralh>o (R,)

It is now worthwhile to recall the connection of the regularity (R,) and the Riesz transform. Firstly,
the boundedness of the Riesz transforms VL2 and VW L~1/2 on LP(M), for p € (1,400), implies
(Rp) as follows
C
\/'E’
where in the last inequality we used the analyticity of the semigroup on LP(M).

For the other side of the picture let us consider the case where W = 0 and the heat kernel of et

satisfies the full Li-Yau estimates

c d(m,y)2> C d(z,y)?
———exp | —C <p(x,y) < ————exp | —c . (2.2
V(y, V1) < t 2 V(y, V1) t )

It is proved by Auscher et al. [ACDHO04] (see also Bernicot and Frey [BF16] for some extensions) that
if (R,) holds for some ¢ > 2 then the Riesz transform V(—A)~/2 is bounded on LP for all p € [2,q).
As a consequence, manifolds for which the Riesz transform is not bounded on LP are counterexamples
for the semi-classical Bernstein inequalities. For example, conical manifolds studied by Li in [Li00] !
are counterexamples for (SB)) for p > 2.

||V€_tL||pﬁp + v We_tLHp%p < CHLl/Qe_tLHp%p < (2.1)

'for which (2.2) is true but the Riesz transform is unbounded for some p € (2, +0c0), see [CLO04].



Proof of Theorem 2.1. By interpolation, (SB;) and (SBs) will imply (SB,) for p € (1,2).
e We start with the simple case p = 2. Using the fact that the quadratic form of L satisfies

(VLu, VLu) = /M \Vul|?dy + /M Wlul?dy  for all u € D(VL)
we obtain for f € L?(M)
IVet) I3+ [Vt = VBt ] = + [VATu k.

By setting ¥(z) = y/z¢(x) and using the standard functional calculus for the self-adjoint operator L
on L?(M), we obtain

RIES
== 7).

AV R N AT

This gives (SBz2).
e Next we prove (SBj). As mentioned in the introduction we use some ideas which already
appeared in the proofs of spectral multiplier theorems (cf. [DOS02]). Given 3 € C°([0,00)) and

define .(x) := ¥(x)e**. We can extend ¢ as a C°-function on R and denote by 1. its Fourier
transform. The Fourier inverse formula then allows to write

wie) = [ F T
Therefore

w(hL) = [ Guge eI (2.3
Thus,

Vi (hL) = /]R Ve (€)Ve Mle= =ML e \/Wap(hL) = /]R Ve (EVWe e (11O ge. (2.4)

Now we estimate ||[Ve "Fe= (=M || ) and ||[vVIWe hle= =R, .
Following an argument of Grigor’yan one proves that there exists a constant c¢g > 0 such that

d(z,y)? c
/M IVepn(z,y)|? exp (co . > du(x) < m (2.5)

See [Gri95] or [CD99, Lemma 2.3] for L = —A on manifolds, [Ouh05, p. Section 6.6] for elliptic
operators on domains and [DOY06, Proposition 3.1] for Schrédinger operators on R™. The proof given

in these papers is based on integration by parts and it carries overs to L = —A + W on manifolds.
On the other hand, from the doubling condition one has easily
d 2
/ exp <—c (x;ly) > du(z) < OV (y,Vh) (2.6)
M

for all h > 0 and y € M (see e.g., [Ouh05, Proposition 7.1] or [CCO02, Theorem 4.3]). Hence, by the
Cauchy-Schwarz inequality

C x 2 C xz 2
| W idu@) = [ Vi p)lexp (W) exp (—M) ()

8



< ©
SN
This shows that Ve % is bounded on L'(M) and

Ve L <

<
5

(2.7)

The inequality (2.5) still holds when V is replaced by multiplication by vWW (see [DOY06]). We can

then argue as previously and obtain

C
WehL < —.
1R 151 < Th

In order to continue, we recall the following bound (see [CCO02, Theorem 4.3])

11
L |z nl3—gl+e
”e ? Hq—ﬂl < CE <%(2)> ’

for any ¢ > 0 and all z € C* and ¢ € [1,+00]. Using (2.9) for ¢ = 1 it follows that
VY (hL)|[151 < C’E||Ve_hLH1ﬁ1 /R ]@;(5)’(1 +§2)%+€’
VW (hL) 51 < Cel[VWe |1 /R e (€)|(1+ €)=,

From (2.7) and (2.8) we obtain
C V|2 2\ 2 +1+4e 12
Voo + IVTGL < 2 ([ @R+ ) ea)

Cl
frd ﬁHweHH"/Q"'I'HLE(R)

C//
7% 191 rnr2t14ae (my-

IN

This gives (SB1).

Remark 2.3. We mention few other results that one can obtain using the previous proof.

(2.8)

(2.9)

a) Similarly to [DOS02], we note that (2.3) and (2.9) allow to recover the well-known fact : under the
assumptions (1.2) and (G), for any ¢ € C°([0,+00)) and any q € [1,+00] the following inequality

holds true
sup [ (L), ,, < +oo.
h>0

(2.10)

Pseudo-differential proofs of (2.10) exist but need to consider a specific pseudo-differential frame-

work (see [BGT04, Cor 2.2] and [Imel9, Theorem D.1]).

b) By writing z = % + (% + Z'%(z)), we easily deduce from (2.7), (2.8) and (2.9) the inequality

Vze Ct HVe_ZL

+ H\/We_ZL

‘1—>1

‘1—>1 = ;?z) (3?’2))3%7

which in turn could directly be used to handle (2.4).



¢) The previous proof shows the implication iii) = ii) of Theorem 2.2.
In the next result we prove LP(M) — L9(M) Bernstein inequalities.

Theorem 2.4. As above, we assume the doubling condition (1.2). We assume that the heat kernel
satisfies the Gaussian bound (G) and there exists m > 0 such that

pr(x,z) < th;Q, te(0,1] ae ze M. (2.11)

Then for 1 € C(]0,00)), there exists a positive constant C such that for any couple (p,q) satisfying
1<p<q<2, we have

IVeL)fl, + [VWenLys] < oG g, ne @, serran. (8B

If the regularity property (Ry,) is satisfied for some qo > 2, then (SBpq) holds for all 1 <p < q < qp.
Proof. We shall use the same strategy as in Theorem 2.1. Firstly, we prove the estimate

Ve Eflpsg + VW g < CH72 7270l he (0,1). (2.12)

We recall a classical fact that the semigroup identity and the symmetry of the heat kernel imply

2

P = | [ ol mae)due)
C
< /ph/a(x,Z)Qdu(Z)/ ph/z(z,y)Qdu(Z)=ph(w,fﬁ)ph(y,y)éh—m.
M M
This gives
e < —S he (0,1]
l1—oo > Hnﬂ’ )

and hence by interpolation,

le™ lpsq < Ch™E 157
Thus,
_ _ _h _h _h
Ve llprg + Ve sy < (V€7 2E lgmsg + VIV 2 g ) lle™ 25 g
m |1 1
< O (IVe 2 gng + [VWe3E gy b2l

For 2 < p < ¢ < qo, the conclusion comes easily from the additional assumption (R, ).
Using (2.4) and (2.9), we obtain

1B
nol=
|
Q=
+
wlo
I
I

VLY s+ IVIVOL g < (1T g + VW) [ (€)1 +€)

We then argue as in Theorem 2.1. O

10



3 Discrete and semi-classical Bernstein inequalities

In this section, we assume the doubling condition (1.2), the Gaussian bound (G) and that L has discrete
spectrum with the notation of (1.3). We show the equivalence of the discrete Bernstein inequality (B))
stated in Theorems 1.1 and 1.2 and the semi-classical Bernstein inequality (SB,) stated in Theorems
2.1 and 2.2. Since Theorem 2.1 has been proved in the previous section, we obtain Theorem 1.1. We
also derive Theorem 1.4 from Theorem 2.4. Similarly, the present section shows that Theorem 2.2
implies Theorem 1.2 (we recall that Theorem 2.2 will be proved in Section 5).

Proposition 3.1. Let p € [1,00|. Then the discrete Bernstein inequality (B,) and the semi-classical
one (SBp) (with some non-trivial ¢ € C2°(]0,00))) are equivalent.

Proof. We start with (SB,) = (B)). By Theorem 2.2 if (SB,) is satisfied by one non-trivial function
in ¢ € C2°([0,00)) then it holds for any other function in the same space. Now we choose v such that

oo ={ s mrrsh o

N
Set f= Y apor with (ag,...,an) € CNTland N > 1. We take h = /\% and write
k=0 N

N N 32 N
Y(hL)f =Y arpp(hL)pr = > opt) <)\2k> bk =Y apdy.
k=0 k=0 N k=0

We apply (SBp) and obtain immediately

N N N
IV (2 axen)lp + IV (S ansi )l < O ll(D awe) -
k=0 k=0 k=0

This proves (Bp).

We prove the converse (By) = (SB,). We merely consider the case f € LP(M) N L?*(M), then the
general case f € LP(M) follows by density. The definition (3.1) of ¢ ensures that ¢ (hL)f is spectrally
localized on [0, 2/h] with respect to L. So there are N € N* and coefficients ay, ..., ay such that

N

2

GhL)f =Y apge  with A} < W
k=0

Applying (B,) yields,

C/

—=||w(hL .
DS,
Since the multiplier ¢)(hL) is bounded uniformly in A > 0 on LP(M) (see (2.10) or [DOS02]) it follows
that || (RL) f|l, < C|| fllp- This gives the semi-classical inequality (SB,) with ¢ as in (3.1). The same
estimate holds for all ¢ € C2°([0,00)) by Theorem 2.2.

IVO(RL) fllp + IVW(RL) fllp < CAN[[(AL) £l <

O]
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Proof of Theorem 1.4. By Theorem 2.4 we have for every ¢ € C2°([0, 00))
(lyml_1
IVeL)fl, + [VWonyf| < o GHERT g, e 1), feLr@n)  (SBy)

As in the previous proof, we chose 1 as in (3.1) and we take h = /\2 and f = Z ak¢y to obtain (B 4)

for Ay > 1. For small Ay, we argue as follows. Let Ny be the smallest 1nteger such that Ay, > 1 and
let 1 < N < Ny. We first have the rough bound

||vzak¢k||q+”\ﬁzak¢k”q<CN1 sup |ag (3.2)

k=0 k=0

N
with Cn1 = 3 |[Véklly + IVW k|4 By the equivalence of the following two norms on CV+1
k=0

(gy...,an) — sup |ag] et (g, ...,an) — | Zakgbkﬂp
0<k<N

one has for a suitable constant Cy 2 > 0 the following inequality

N N
IV andiellg + VWD andiellg <
k=0 k=0

Since Ay > A1 > 0 we may set

C:= sup _ On2
1<N<Ny /\1+m|*"\

so that we have

1+n41

N
HVZWMMHW*mem<w 1S anele
k=0

This proves (Bpq). O

4 Dixmier-Malliavin weak factorization

This section is devoted to state a result which is in the spirit of the paper [DM78] by Dixmier and
Malliavin. More precisely, [DM78] studies the possibility of decomposing a function in a Fréchet
functional space into a finite sum of convolutions under the action of a Lie group GG. The statements
there are however written in the language of the theory of representations on Lie groups whereas we
are interested in the particular case G = R, only. Hence instead of using the whole machinery of the
paper [DM78] (more precisely its Theorem 3.3), we give a relatively simpler and direct proof based on
Lemma 2.5 from [DM78]. Our proof gives two convolutions in the factoraization.

Lemma 4.1. [Dizmier-Malliavin] For any positive sequence (Bn)neN, there exist a positive sequence
(an)nen and two functions p1 and pa belonging to C°(R) satisfying

12



i) an < By pour toutn > 1

it) for any function F € C*°(R) the following limit holds

p—+0o0

lim (o1 %3 (~1)"and®"), F) = F(0) + /R F(2)pa(a)da.
n=0

We then have the following decomposition lemma.

Lemma 4.2. Let f € LY(R)NC*™(R) be a function whose all derivatives belong to L*(R). Then there
exist g € L*(R), p1 € C*(R) and pz € C(R) such that the following (weak) factorization holds

f=pi*xf+p2*g.
We also state the following reformulation which will be used several times in this paper.

Corollary 4.3. Let F': (0,400) — R be a smooth function satisfying

—+00
/ "N F®) (2)|de < 400 for all k € N. (4.1)
0

Then there exist ©1,09 € C2°(0, +00) and Fy, Fy € L*(0,4+00) such that
Foo x x
Fl)=| & " Fi(y) + 02 " Fy(y)dy, € (0,+00). (4.2)

Proof. The function f : t € R — F(e!) is integrable on R and one checks by induction that f*) is a
linear combination of the integrable functions t € R + e/ F (j)(et), for j being an integer belonging to
[1,k]. We then apply Lemma 4.2 and set

61(2) := pr (In()), Fifa) = )
O2(x) := pa(In(z)), Fy(z) = g(lr;(x))
to obtain the decomposition (4.2) on (0, +00). O

so that we have

Proof of Lemma 4.2. We apply the Lemma 4.1 for 3, = (1+n2)(1+|\1f(2”)HL1<R))

> Ball £ iy < +oo. (4.3)

neN

Let (o )nen be the positive sequence given by Lemma 4.1. We will prove the following limit in L!(RR)
as p tends to +oo,

p
p1 > (Z(—l)”anf<2">> — f+paxf (4.4)
n=0

We first remark that the sum 3(—1)"a, f(*) is absolutely convergent in L'(R) thanks to (4.3) and
to the inequality o, < S, given by Lemma 4.1. Since p; belongs to L'(R), the boundedness of the
convolution product from L!(R) x L}(R) to L!(R) implies that the left-hand side of (4.4) converges
in L'(R) as p — +o0.

13



To prove that the limit of (4.4) is indeed f + pa + f it is sufficient to check it in the weak sense.
Let h € C2°(R) be a test function and let us prove that

p
lim /R h(x) (m* (Z(—l)”anf@"))) (z)dx = /R h(z)f(z) + h(z)(p2 * f)(x)dz. (4.5)

_)
proo n=0

We now recall the following consequence of Fubini’s theorem

/]R a(@) (b o) (x)dz — / (a % b)(2)c(x)de (4.6)

R

for all a € C°(R),b € C®°(R) and ¢ € C°(R). Here we use the convention b(z) = b(—z). We then
write

P p p
p1* (Z(—l)"anf@”)) = p1 (Z(—l)"an6<2n>> xf= (Z(—l)"anp?"’) x f,
n=0 n=0 n=0
which in turn gives, thanks to (4.6),
p p (2m) 5
/R h(zx) <p1* (Z(—l)"an f<2">)> (z)dx = /R (Z(—l)"anpl (3:)) (f » h)(x)dz.
n=0 n=0

We apply Lemma 4.1 to the LHS and obtain the following limit as p — +o0

v

(Fxm)(©)+ [ (Fxh)(@)pa(ada,

By (4.6) we rewrite the previous limit as follows

/ h(z) f(x)dz + / W) (f * po) (x)da
R R

Hence the limit in (4.4) is proved in L!(R) and we have indeed proved the following equality

f=—paxf+pix (Z(—l)”anf@”))

neN

with 3 (=1)"a, f*®) € L'(R). This proves the lemma. O
neN

5 Proof of Theorem 2.2

This section is devoted to the proof of Theorem 2.2. As we already mentioned in Remark 2.3, we have
seen the implication iii) = ii). The implication ii) = i) is obvious. It remains to prove the implication
i) = iii). We divide the proof into three steps.

Step 1. Let ¥y be as in the theorem. First, we observe that we can replace iy with 7,/1(2] . Indeed,

V45 (AL lpp + VWG (RL) [y
< HVT/JO(hL)Hp—>p‘|1/’0(hL)Hp—>p + ”\/Wwo(hL)Hp—m”wO(hL)”p—m
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C
< ﬁ”%(hm”p—m

C
< —.
~Vh

By replacing 1y by its square, we may assume that there exists [a,b] C (0,00) such that

1o > 0 and to(x) > 0 for = € [a, b]. (5.1)
Step 2. Now let ¢ € C°(0,00) with support contained in [¢,d] C (0,00). Set K = g > 1 and
consider an integer N large enough so that [c,d] C [K~Na, KVb]. The equality [K Va, KNb| =
U [K"a, K™b] and (5.1) imply
—N<n<N
Z Yo(K"z) >0 forall z € [K Na, KVb).

We now consider a function ¢ € C°(R) such that for any = € [K~Na, KVb] the following holds
N
> to(K"z)p(z) = 1.
n=—N

N
Since the function Z o(K ™" )p equals 1 on the support of ¢ we have ¢ = Y 1o(K ™ )p1p. We
n=—N

ne"N
argue exactly as in Step 1 to conclude that 1 satisfies the semi-classical Bernstein inequality (SB)).

Step 3. What we proved in Step 2 is that we may replace a particular non-zero function vy €
C°(]0,+00)) by any ¢ € C°(0,400). In other words, we have obtained ii) of Theorem 2.2 for the
particular case of functions 1) € C°(0, +00). This particular case will be now combined with the weak
factorization results of Section 4 to reach the heat propagator of assertion iii). We apply Corollary 4.3
to the function F'(x) = \/xe™* for x € (0,400). Then there exist two functions ©1 and ©9 belonging
to C°(0, +00) and two functions F; and Fy belonging to L!(0, +0c0) so that

+o00

G [ o0 (2) o [ 2) s

Let us now introduce the following two smooth functions ; and v, (they are compactly supported
n (0, +00))
O1(x)

NS

+00 +oo
= ¢1 F1 + 1/12 )

O2(x)
N

Y1(z) = and  Ya(x) :=

Therefore, we have

\[,

_/+Oo (y) 1(y )\d;-i- +001/12 (hL)Fz( )\d/yﬂ

Now we use Step 2 and obtain

[ve],, + Ve

which leads to

p—p p—p
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()

<> [ (v (%)

< fﬁ/om By ()] + | Fa(y)ldy = jﬁ

This proves the regularity property (R,) of assertion iii).

6 A multiplier theorem from BMO.(M) into L>(M)

Recall that M is a Riemannian manifold satisfying the doubling property and L = —A + W is a
Schrodinger operator with a non-negative potential W & L}OC(M ). Moreover the heat kernel of L
is assumed to satisfy the Gaussian upper bound (G). There is a large literature on suitable Hardy
or BMO spaces associated to L. In the present paper, we use the general framework developed in
[HLM*11] (whose introduction contains references of important prior works). In [HLM™11] it is
required that

i) M is a metric measured space,

ii) the measure u is doubling,

iii) the operator L generates an analytic semigroup (e~*);~¢ satisfying the so-called Davies-Gaffney

condition.

Under these general assumptions, one can define a Hardy space H} (M) (see (6.5)) and a BMOp (M)
space associated with L. Note that BMOp,(M) is the dual space of Hi (M) (see [HLM*11, Theorem
2.7]). Recall that these spaces coincide with the usual Hardy H'(R%) and BMO(R?) spaces in the
Euclidean setting, i.e., L = —A and M = R

Most of operators associated with L such as the functional calculus or the Riesz transform are
bounded from H} (M) to L'(M). By duality one has boundedness results from L (M) to BMOp(M).
In the main result of the present section, we prove boundedness of the functional calculus of L (for a
class of functions) from L'(M) into H} (M) or from BMOp(M) into L°(M). More precisely we have

Theorem 6.1. Let ¢ € C*°(0,+00) such that

/0+OO "o (2)|dz < 400 for all k € N. (6.1)
Then we have
sup le(RL) | Brrog (My—Loo(ar) < 00, (6.2)
21;]8 ||§0(hL)||L1(M)%Hi(M) < o, (6.3)
sup o (L) sanzoany < 00, g €[1,+00]. (6.4)

Let us first comment the assumption (6.1). We note that (6.1) for & = 1 implies that ¢ is
uniformly continuous on (0, +0c) and hence admits a limit as x tends to 0. For k = 0, the condition
+oo [p(2)|

o o dr < +oo forces the limit lilrgl+ ¢(z) to be 0. From the previous limit, one also deduces
r—r

that ¢ is bounded by [;"* |¢'(x)|dz. The previous considerations ensure that the operator ¢(hL) is
well-defined on L?(M) by the standard functional calculus.
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Proof of Theorem 6.1. By duality, (6.2) cleary follows from (6.3). We will see that (6.3) can be reduced
to ¢ € C°(0,00). The general assumption (6.1) will be reached by appealing to the weak factorization
of Corollary 4.3 (see Step 3 below). Similarly, we reduce (6.4) to ¢ € C2°(0, 00) in which case it follows
from (2.10). See Step 4 below.

Step 1. We start by proving (6.3) for ¢ € C2°(0,00). The first step consists by checking that (6.3)
follows from the particular case h = 1.
Following [HLM*11, pages 8-9] the version of the Hardy space we need, denoted by H} (M), is defined
by the square function Sy, as follows. Set for every x € M

sur= ([T weetp e 4 (6.5)

and denote the domain D := {f €ER(L): Spf € Ll(M)} where R(L) is the closure of the range of
L in L*(M). Then H} (M) is the completion of the space D with respect to the norm

1A ez ary = ISE Al L2 - (6.6)

For any h > 0, we introduce the metric d’' := % and the operator L' := hL. The measure p is

unchanged. Then the volume with respect to d’ and p is V'(z,7) = V(x,rvh). Obviously, the heat
kernel of L' satisfies the Gaussian bound (G) with the same constants C and ¢ but now with V' (x, v/t)
and d'(x,y) instead of V (x,v/t) and d(z,y). We define Sy, as in (6.5), by considering d’ and V’. Then
a simple change of the variable shows the equalities

Spf(x) = Spf(z)

”f”Hi,(M) = HfHHi(M)'

By the same change of variable, we have H‘P(hL)fHHi(M) = (L") fll g, (ary for any ¢ € C°(0, 00).
L/
We have reduced the proof of (6.3) to that of

H‘P(L/)fHHi,(M) < Collfllzr(any (6.7)

with some constant Cy depending only on ¢, the constants in the doubling property and the Gaussian
bound (G).

Step 2. We prove (6.7) again for ¢ € C2°(0,00). We do this for L instead of L’ for simplicity
of the notation. In order to prove this, we use the molecular decomposition (see [HLM™11, page 7,
Definition 2.3]). Given a function g € L?(M) and assume first that g is supported in a ball B(zg,rg)
with rp > 1. We prove that ¢(L)g is a multiple of a molecule of H} (M). That is, there exist positive
constants m and ¢, a ball B = B(z,r3) and a function b such that ¢(L)g is multiple of L™b and

1> L)l 27, () < 7572795V (29 B) 2 (6.8)

for k = 0,1,..,m and j = 0,1,2,.... Here U;(B) := 27t1B\ 2/B, 2/B := B(2/3,2'r’y), V(2'B) :=
V(z'g,2/r'y) for j > 1 and Uy(B) = B.

We choose B(x'z,73) = B(zp,rp) the same ball which contains the support of g and take b =
L~™p(L)g. The function b exists since L=™p(L) is a bounded operator on L?(M) because ¢ is
supported in (0, 00). It remains to prove (6.8).
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We assume for simplicity that the support of ¢ is contained in [2, 1], the reasoning is the same for any
¢ with compact support in (0,00). We have

Ir8* L) L™ o(L)gl 2wy m)y = 87 IL* ™ o(L)gll 2,
< ¥ L o(L) | B)=r2w;BY N9z
< rpILF o (D) | 2y (B))— Lo () 9l L (ar

IN

rp®™ || LF (L )||L2(Uj(B))—>L°°(B)||g||L1(M)'

Set 1()\) := A™Mp()\) and fix s > n/2 where n denotes again the homogeneous "dimension" in the
doubling property (1.2). We now apply Lemma 4.3 from [DOS02] (using (1.2) and (G) and according
to Lemma 2.2 from [DOS02], the assumptions of Lemma 4.3 hold for p = c0). We then bound the
last term as follows

re®™ | Lo (L) | 2w, () — 2 (8) 91 L2 ()

1 ‘
< C ———(1+2rg)~* 541,00
< Corp® zlelg Vi, 2)1/2( rB) " llws+ HQHLl(M)

o Viy 2]'7']5;)1/2
< Cyrg?mv (27 B)~1/? — - =L
< o™V B o S

< CoCrp®™V (27 B) 22796l yssse | gl 1 -

(1+27rB) ([ llwerrocllglloacan

Let C, := CoC||¢)|lws+1.0. The above inequality shows that % is a molecule of H}(M).

Hence
H e(L)g |
Collgllr )

Hence, for any g € L?(M) with compact support, the following inequality holds
le(D)gllmr ) < CollgllLrany- (6.9)

For a general g € L'(M), classical density results ensure the existence of a sequence (g,) of L*(M),
each g, has compact support, and (g,) converges to g in L'(M). Then ¢(L)g, € H} (M) for each n
and

le(L)gnll 2 ary < Coollgnllrany- (6.10)
This implies that (¢(L)gy) is a Cauchy sequence in H1 (M) and hence is convergent. On the other hand,
since ¢(L) is bounded on L!(M) (see (2.10)), the limit of (¢(L)gy), in LY(M), is ¢(L)g. In addition,
under (1.2) and (@), the Hardy space H} (M) continuously embeds into L'(M) (see [HLM*11, page

70]). Tt follows that the limit of (¢(L)gy,) in H} (M) is also ¢(L)g. Taking the limit in (6.10) yields
(6.9) for g € L*(M). Thus, we have proved (6.3) for ¢ € C°(0, 0).

Step 3. Now we prove (6.3) for general functions ¢ as in the theorem. We apply Corollary 4.3 to
write (with the same notations) for any x > 0

p(z) = O+Oo ©1 <§) i (y)dy + 0+oo ©2 (g) Fy(y)dy.
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By the functional calculus, we have for h > 0
hL oo (hL

@(hL) = O+OO@1 (y) Fi(y)dy + ; (2 y) Fy(y)dy.

Hence, we can bound sup [|o(AL)|| 11 (ar)— gt (ar) Y
h>0 E
hL)‘

+oo hL
sup/ O — -~
w10 G )
Remember now that we have proved (6.3) for functions in C2°(0,00). Since ©; and O2 are compactly

supported in (0,+o00) and since F} and Fj are integrable (thanks to Corollary 4.3), the last upper
bound is less than C'||F1[[ 19 o0y + C 1 F2l 110 400y < +00-

[Fi(y)ldy + |01 (

|Fa(y)|dy.

LY (M)—H! (M) LY(M)—H} (M)

Step 4. We explain here the proof of (6.4). For ¢ being smooth with compact support, we have
seen several times that (6.4) holds (see (2.10)). We obtain (6.4) under the condition (6.1) by another
application of Corollary 4.3.

The proof of Theorem 6.1 is finished. O

The multiplier theorem proved in this section will be used in a crucial way in the proof of the
reverse Bernstein inequality.

7 The reverse Bernstein inequality
In this section, we investigate reverse Bernstein inequalities and prove Theorem 1.5. As in Section 2,
we introduce a semi-classical version of the reverse inequality.

Theorem 7.1. Suppose (1.2) and (G) and consider a function ¥ € C*([0,400)) vanishing in a
neighborhood of 0 and constant in a neighborhood of +00. Then we have the following assertions :

i) For q € [2,00], the following semi-classical reverse Bernstein inequality holds

C
Lyl < [Vuly + VWaly, we 0D, B> 0 (SRB,)
it) For q € (1,2), if (Ry) holds for p = q%’l (or equivalently (SB,) holds, see Theorem 2.2), then

(SRBy) holds.

iit) For q=1, if (Rx) and the condition 1&& V(z,1) > 0 hold, then (SRB1) holds.

As in Section 3, the discrete reverse Bernstein inequality of Theorem 1.5 is an almost straightfor-
ward consequence of the semi-classical version of Theorem 7.1.

Proof of Theorem 1.5. i) By considering a smooth function ¥ satisfying
0, z <
U(zx) = { >

+o0
we clearly have W(hL)u = u for u = Y. apéyr and h = <. We see that (RB,) is a consequence of
k=N

AN
(SRBy).
For i) and i) we note that we have proved the equivalences (B)) < (SB,) < (R,) (see Section
3 and Theorem 2.2). So we obtain as previously assertions ii) and iii) from Theorem 7.1. O

= o=

19



We now turn to the proof of Theorem 7.1. The first thing to notice is the following consequence
of Theorem 6.1.

Lemma 7.2. Assume (1.2) and (G) and consider a smooth function ¥ € C*([0, +00)) vanishing near
0 and being constant in a neighborhood of +occ. Then for any q € [1, 400,

[@(hL)ul, < CVRI|VLE(hL)ul, (7.1)
|@(hL)ull, < C'Vh|VLull,. (7.2)

For ¢ = 400, the previous two bounds can be modified as follows

1@ (hL)ull,, < CVA|VLY(hL)ullprro, () (7.3)
I (hL)ul < C'VA|VLul| oy, a)- (7.4)

In the above estimates, C' and C' may depend on ¥ but are independent of u € L?>(M) and h > 0.

Proof. Note that W(hL) is well defined on L?(M) by the functional calculus of L. For simplicity we
assume that ¥ has support in [1, +00). We take ¢ € C*°(R) such that

(z) {0 for:):gé,
P\T) = 1
NG for x > 1.

Hence we have ¥(z) = p(z)y/2¥(z). We apply Theorem 6.1 to the function ¢ and obtain (7.1) for
q € [1,4+00] as follows

W (hL)ullq = p(hL)VhLE(hL)ullq
< CVh|VLY(hL)u|,.
Similarly, we apply assertion (6.2) of Theorem 6.1 to obtain
1W(hL)ull, < CVRIVLU(hL)u| prso, (- (7.5)

This proves (7.4). To see (7.2) and (7.4), we merely notice that we can apply Theorem 6.1 to the

function ®(x) := %\I/(ﬂi) instead of ¢. O

We recall the following standard lemma for which we give a proof for the sake of completeness.

Lemma 7.3. Assume (1.2) and (G) and fix ¢ € (1,+00). Then for any u € D(VL) the following
inequalities hold (where p = 3)

CIVLull, < sup |(VLu,VLv)| < ||VLull,. (7.6)
IV Lv|lp<1
v€D(VL)

For ¢ =1 and p = 400, if one moreover assumes the condition inf V(x,1) > 0, then the previous
zeM

inequalities are still true.
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Proof. The upper bound in (7.6) follows from Hélder’s inequality. We prove the converse. Note that

IVZullq < sup (VLu, g)]. (7.7)

lgll, <1
gELY (M)NL>® (M)
For q € (1, +00), it is well known that
: —tL _ 1 00
Jim et ~Tog) |, | =0, ¥ge L'M)NL=(M), (78)

where Ty : L2(M) — L?(M) is the orthogonal projection on ker(L) (see, e.g., [Rus00, Lemmas 8 and
9]). Also Iy maps LY(M) N L>®(M) into itself. For ¢ = 1, (7.8) still holds true under the additional

condition in{/[ V(x,1) > 0. Actually, the Gaussian estimates (G) imply the finiteness of sup |p1(z,x)|.
T€ xeM

Consequently, e~ is hypercontractive in the sense that it sends L' (M) into L>°(M). By interpolation,
el also sends L?(M) into L>(M) so that (7.8) gives

tgglm He*tLg — e*LHO(g)HLOO(M) =0, Vg € L' (M) N L>®(M).

Since e TIp(g) = Ip(g), we see that (7.8) holds for p = oo as well.
Since ker(L) = ker(v/L) we have from (7.7)

IVLull < Hsnugl |(VLu, g — o (9))l, (7.9)
gll,<
geL (M)NL> (M)
and hence
||\/Zu||q < sup sup |(VLu, g — e tg)|. (7.10)
llgll, <1 t>0
gELY(M)NL>® (M)

t
Since g — e tg = —L/ e *Lgds belongs to the range of L (and thus to the range of v/L), we obtain
0

from the contractivity of the semigroup (e~**);>¢ on LP(M) that
Hg _ e—tLng <2|gll,, t>0.

This gives (7.6). O

The previous preliminary results allow us to prove Points ii) and iii) of Theorem 7.1. Actually, our
next proof shows that the implication (SB,) = (SRB,) holds for all 1 < ¢ < +o00 (with the additional
assumption inj& V(z,1) >0 for ¢ =1).

xe

Proof of Theorem 7.1. We start with the proof of assertions ii) and iii). Thanks to Theorem 7.6 below,
me merely have to prove (SRB,) for ¥ having compact support in (0,400). We now assume (R,)
for p = %5, or equivalently (SB,) (thanks to Theorem 2.2) and we prove (SRBg). By Lemma 7.2, it
suffices to prove

CI\VLU(hL)u|, < |Vully + |[VWully, — we L2 (M), h>0. (7.11)
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Lemma 7.3 implies

||\E\I/(hL)qu < C sup |(VLU(hL)u,VILv)|

IV Lollp<1
veD(VL)
< C sup |[(VLu,VLU(hL)v)|
IVEolp<1
veD(VL)
< C sup /Vu V{U(hL)v} + Wu{¥(hL)v}dx
IVIvlp<1
veD(VL)
< C(IVullg + IVWully) sup [ V{E(RL)o}|, + [V {B (ALY},
IVLvllp<1
veD(VL)

We now consider ¢ : R — R a smooth function with support in (0, +00) which equals 1 on the support
of ¥. Since ¥(hL) = ¢(hL)¥(hL) we may apply the semi-classical Bernstein inequality (SB),) to
obtain

1
II\@W(hL)ullqSC(IIVu||q+IIVWuIIq) sup TII\I'(hL)vllp-
IVEv|,<1 VH

veD(VL)
To finish the proof of (7.11), we use (7.2) from Lemma 7.2.

It remains to prove assertion i). As noticed above, the previous proof is also valid for g € [2,00)
(and hence 1 < p < 2) and shows the implication (SB),) = (SRB,). Since by Theorem 2.1 the semi-
classical Bernstein inequality (SB,) (or equivalently (R,)) holds, we see that assertion i) of Theorem
7.1 holds for ¢ € [2,+00). The case ¢ = 400 (for which p = 1) seems to be more complicate. The
previous proof breaks down? at (7.8) for p = 1. We shall postpone the main argument to the next
proposition in which we prove

CIVLull proy oy < IIVulloo + IVWulloo- (7.12)
Now, by (7.4) of Lemma 7.2, we see that assertion i) with ¢ = oo follows from (7.12). O

Proposition 7.4. Suppose (1.2) and (G). Denote by Do (M) the subspace of distributions u on M
satisfying ||Viul|oo + || VIWt||oo < +00. The operator /L : D(VL)NDuo (M) — L*(M) can be extended
to an operator /L : Doo(M) — BMO©L(M) which satisfies (7.12) for u € Do (M).

We recall some facts about finite molecular decomposition in Hardy spaces (already used in the
proof of Theorem 6.1). The notion of (1,2, m,e)-molecules is defined in [HLM™11, Definition 2.3]
where m is an integer satisfying m > % (n being is the exponent in (1.2)) and € > 0 is arbitrary. We

denote by H L m Ol(M ) the space of finite linear combinations of (1,2, m,e)-molecules. We forget m
and € > 0 in our notations for simplicity. Then we have

Lemma 7.5. The following properties hold

a) The subspace Hi{nol(M) is dense in the Hardy space H}(M).

2even in the Euclidean case, e'®g does not converge in L*(R?) as t — +oo for positive g € L*(R).
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b) The subspace Hi' (M) is contained in L2(M). Moreover, H}Jiwl(M) is contained in the range

L,mol

R(WL) of VL, i.e., any w € Hi”{nol(M) can be written as
w=+VLv with veDNVL), (7.13)

Finally, the subspace Hiiwl(M) is dense in R(v/L) for the L*(M)-norm.

Proof. a) See [HLM*11, Definition 2.4 and Chapter 7).

b) From [HLM " 11, Definition 2.3, Point i)], w belongs to the domain of L™. Hence w can be written
w = VLL™ 3w with L™ 2u' € L?(M). In particular, the inclusions H}J’,{nol(M) C R(VL) c L*(M)
hold. For the last assertion of the statement, we have not found a reference for it, so we give a proof.

Let us consider v € D(v/L) and we want to prove that v/Lv is a limit, in L?(M), of a sequence of
elements in Hi’fmol(M ). To do so, we consider a sequence of functions ¢y € C°(0, +00) satisfying

0<pr<1 and lim  or(t) = X(0,400) (), t € [0, 400). (7.14)

k—+o00

Since v/Lv is orthogonal to ker(v/L) we have v/Lv = X(O,+oo)(\/z) V/Lv. Then the spectral theorem for
the unbounded self-adjoint operator v/L (see for instance [Rud91, Theorems 13.24 and 13.30]) ensure
that there is a finite measure v on [0, +00), indeed the spectral measure dE 7, 7, at the couple

(\Ev, \Ev), such that
H\/Ev — cpk(\/z)\/fv’

= [(tose VD)~ n (VD)) VEe]

= [ e ®) — er®Fdv(o).
[0,400)

2 2
L2(M) L2(M)

The dominated convergence theorem and the conditions (7.14) ensure that the previous term tends

to 0. As a consequence of v Loy (v'L) = ¢r(vVL)VL, we obtain the following limit in L?(M)
VIv= lim VLpp(VL)v.
k—4o00

Set . (z) := /zeR(\/T) for £ > 0 and approximate v, in L?(M), by a sequence (vy,), € L*(M) and
each v, has compact support. Note that ¥y (L)v, € HY (M) as shown in Step 2 in the proof of

L,mol
Theorem 6.1. Since /Lo is the limit in L2(M) (as n,k — 00) of 91 (L)v, we conclude that v/Lv is in
the closure of Hh{nol(M) in L2(M). O

Proof of Proposition 7.4. As mentioned previously, the Riesz transforms VL2 and vWL™1/2 are
bounded from H} (M) into L*(M) (see [DOY06] in which M = R™ but the arguments merely need the
assumptions (1.2) and (G)). We also stress that the definition of the Hardy space used in [DOYO06]
coincides with (6.6), namely that of [HLM™11]. Therefore,

IVulls + IVWully < eV Lullg (ar)- (7.15)

Moreover, the following formula holds
(VLu, VLv) = / Vu-Vo+Wuvdp,  (u,v) € D(VL) x D(VL). (7.16)
M

We now want to reach the following two goals
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A) give a reasonable definition of v/ as an operator from Dy, (M) into BMOp (M), where Dy (M)
is the subspace of distributions v on M satisfying

|Vu| € L>®°(M) and VvWue L®(M). (7.17)
B) prove that the previous reasonable definition is compatible with the initial definition VL as an

operator on L?(M). In other words, the two definitions must coincide on D(v/L) N Do (M).

We use the properties in Lemma 7.5 of Hi’{nol(M). Due to the inclusion Hi’{nol(M) C L?(M), we can
consider the following subspace of D(v/L)

Doot(VL) := {v e DWVL), VLve H (M)},

L,mol

Let us now fix u € Duo(M) and consider the linear functional T}, : Dye (VL) — R defined by
(Ty,v) == / Vu - Vv + Wuvdp, v € Dot (VL).
M

By (7.15) and (7.17) it is clear that (T3, v) is an absolutely convergent integral and satisfies
(T, 0)| < CUIVu oo ary + VWl oo ) IV Ll 1 (a) - (7.18)

Let us now explain why such an estimate ensures the existence of a unique element b, € BMOp (M)
satisfying
(Tus0) = (bu, VLO) Br10- a1 (7.19)

where the bracket in the RHS is the duality between BMOp (M) and H} (M). Moreover, the element
b, € BMOp(M) will satisfy

1bull grro, () < CUIVUll oo (ary + IV Wl Lo (ary)- (7.20)

Once we establish that b, = v/Lu we obtain (7.12) from (7.20).
For w € Hi’{nol(M ) we introduce the following affine subspace of D,y (VL)

A(w) == {ve D(VL), VLv=w}. (7.21)

We note that A(w) is not empty thanks to (7.13). Moreover, it is clear that (7.18) shows the following
equality
(Tu,v) — (Ty,v") = (Ty,v — ') =0, (v,0") € Alw) x A(w).

In other words, (T}, v) is independent of the choice of v € A(w) and merely depends on w. Furthermore,
it is clear that the following application

we Hpl (M) = (T,,0) (7.22)

is linear and satisfies, thanks to (7.18) and (7.21), the upper bound

(T, 0)| < CUINVull oo gy + VWl Lo ) [l a2 (a1 -
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By using the density of H}J{nol(M) in H} (M) (see Lemma 7.5) and the important fact that BMOp (M)
is the dual space of H} (M) (see [HLM ™11, Theorem 6.4]), we see that there exists a unique element
by € BMOL(M) satisfying

(Tus v) = (bus W) grro—mt = (bus VLO) Brro— g

that is (7.19) and (7.20). The formulas (7.16) and (7.19) clearly suggest to define b, := v/Lu so that
V'L would be defined from Dy, (M) into BMOp(M). That is our gaol A above.

For consistency with the definition of v/L on L?(M), we also have to reach the second goal B.
We now assume u to belong in D(v/L) N Duo(M). The compatibility of the previous two definitions
will come from Lemma 7.5. For any w € Hi{n o(M), the previous construction allows us to write

w = v/Lv for some v € D(vL) and
(bus W) Brro—m = (bu, VIV grro—m = / Vu - Vv + Wuvdp.
M

But (7.16) proves the equality (b, w) garo—m = (VLu,w)2_r2. The density of Hifmol(M) in H} (M),
for the H} (M)-norm and in the range R(v/L) of v/L, for the L?(M)-norm, ensures the compatibility
of b, and v/Lu. Thus, the equality b, = v/Lu is true for u satisfying (7.17). O

Finally, as in Theorem 2.2 we prove that the reverse semi-classical Bernstein inequality (SRBy) is
independent of the choice of the function ¥. More precisely,

Theorem 7.6. Suppose (1.2) and (G), then for any q € [1,+0o0] the following assertions are equivalent

i) there ezists a non-zero function ¥y € C*([0,4+00)) vanishing near 0 and being constant near +00
such that (SRBy) holds,

i) for any ¥ € C>([0,+00)) vanishing near 0 and being constant near +o00, (SRBy) holds,
itt) for any B > %, the inequality (SRB,) holds for W : z — zPe™2,
iv) there exists B > 3 such that (SRBg) holds for U : z — zPe ",

Proof. i) = ii) The idea is completely similar to that used in Section 5. One checks that i) and the
multiplier estimates (2.10) imply that W3 also satisfies (SRB,), that is,

i 1
Vh Vh
As in Step 2 of Section 5, we similarly check that any ¥ € C2°(0,+o0) also satisfies (SRB;). We

finish as in Step 3 of Section 5 the proof of ii) by applying Corollary 4.3. Indeed, the smooth function

F :(0,400) = R defined by F(z) = ﬁ\ll(x) clearly satisfies the condition (4.1). Hence

= [0 G) o o )

with some ©1,05 € C°(0,+00) and Fy, Fy € L'(0,40c). Similarly to Section 5, we modify ©1 and
©5 as follows

[Wo(hL)Wo(hL)ullq < C—=[To(hL)ullq < C'[|Vullg + [IVIWullg.

Uy (z) = V201 (z) and Uy (z) = V2O (z).
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We note that ¥; and ¥y are smooth and compactly supported in (0, +0c) and we obtain for A > 0

ve) = [ v (D) R [ i (2) R
400 h 00 h
who) = [ v (yL)F1<y>dy+ [ v, (yL)F2<y>dy.

The validity of the semi-classical reverse Bernstein inequality (SRBy) for ¥ is now a consequence of
the beginning of the proof ensuring that (SRB,) holds for the compactly supported functions ¥; and
Wy. More precisely,

ol < [ vile (Co) | IB@iss [ Ve (S2) ul o)
< VRl + IVTuly) [ RG]+ Fw)ldy
< CVA(ITully + [VTull).

ii) = i) is obvious.

i) = iii) We take F(z) = %xﬁe_gﬁ and argue as above.

iii) = iv) is obvious.

iv) = i) We choose ¥ with compact support in (0, +0c) and we factorize ¥o(z) = zPe ()
with ¥ € C2°(0, +00). Hence, we may use (2.10) to obtain

1

(hLyully < € 7

1 _
ﬁll% I(L) e ully < C'[[Vullg + [VWullg.

8 Examples

Our results apply to a wide class of differential operators. We shall focus on Schrédinger operators,
elliptic operators on domains and compact manifolds.

1. Schrédinger operators. Let M = R™ and 0 < W € L} . Then obviously, the heat kernel of
L = —A 4+ W satisfies the Gaussian upper bound

1 _le—yl?
— e
(4rt)n/2
Thus, Theorem 2.1 applies to L. If in addition, the spectrum of L is discrete then we obtain the
Bernstein inequality (B,) on LP(R™) for p € [1,2].
Let now ¢ > 1 and recall that W belongs to the reverse Hélder class RH, if there exists a constant

C > 0 such that
(1/ W%x)dw) v < o W (z)dz
@l Jo ~ 1@l e
for every cube Q. In this case, the Riesz transforms V(—A + W)~Y/2 and vW(—A + W)~1/2 are
bounded on LP(R") for p € (2,2q + ¢) for some ¢ > 0. See [ABA07] and [She95]. Thus the regu-
larity property (R,) is satisfied and we can apply Theorem 2.2 to obtain the semi-classical Bernstein
inequality

0 S pt(wvy) S

C
IV (AL |lpsp + VW (AL ||psp < 7
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for ¢ € C°([0,00)) and p € (2,2¢q + ). Again if L has discrete spectrum then we have the discrete
Bernstein inequality.

If M is a general non-compact Riemannian manifold such that (1.2) and (G) are satisfied then
one can find in [AO12] conditions on W which imply the boundedness on LP(M) for some p > 2 of
the Riesz transforms V(—A + W)~Y/2 and vW(—A + W)~Y2. One of the conditions there is an

integrability condition of the type
/1 \/W ﬁ +/oo VW ﬁ
o VoV Vi Vo vE|| Vi

for some values r, s > 2 which depend on p. We refer to [AO12] for the precise statements.

< o0

2. The harmonic oscillator. Let M = R™ and L := —A + |z|? be the harmonic oscillator. Since
W (z) = |z|? is non-negative, we have immediately from Theorem 1.1 the Bernstein inequality (B,) for
all p € [1,2] as well as the reverse Bernstein inequality (RB;) for ¢ € [2, 00] by Theorem 1.5. In order
to reach the cases p € (2, +00] and ¢ € [1,2) we have to prove the regularity property (R~ ) (note that
the assumption xiEann V(z,1) > 0 of Theorem 1.5 is obvious). Actually, (R) is clearly equivalent to

the following estimate

n
_ _ C
Z |0z, tLHoo%oo + [|zge tL”oo%oo < — t>0. (8.1)
= Vi
Let pi(x,y) be the heat kernel of —A + |z|2. Note that
n
pt(xvy) = H pt(xkvyk)v (82)

k=1

where g, is heat kernel in dimension 1. By Mehler’s formula

1 b (_ tanh(t)

o ) -
27 sinh(2t) * 4 (e + i)

©e(Tr, yr) = W) )

4 tanh(t)

which directly extends to the multidimensional case

1 tanh(t) |z — y|?
P 9) = o) P (‘ el 4tanh(t)> ‘ (8:3)

For any ¢t > 0, we obtain pi(z,y) < tnc/2 exp (—%) so that (G) holds. Also we easily have

c |z —yl?
|6$kpt(xay)| < t(n+1)/2 €Xp <_Ct ) te (07 1]

By using |zy| < |xk;yk| + |xk;“y’“|, we obtain the same upper bound

C |z — y|?
|zepe(z,y)| < iy P <_ct , te(0,1].
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Those upper bounds imply (8.1), at least for ¢ € (0, 1], as follows

Haxke_tLHOO—)oo + ||$Ig€_tLHoo—>oo S sup \/]R” |8xkpt(x7y)| + |xkpt(x,y)|dy

z€eR™
< C
i ﬁ'
It remains to consider the case ¢ > 1. We use (8.1) for t = 1 and the exponential decay of (e~'F)i>

on L*°(R™) (note that the spectrum of L is contained in [1,+00)) to obtain

L 1 L 1
||82ke_tLHOOHoo + ”xke_tLHOOHoo = ||81ke_§e_(t_§)L||00Hoo + ka‘e_ie_(t_E)L”oo%oo
< CHe_(t_%)LHoo—)oo
< Clem3(t3)
C//
< =

NG

3. Elliptic operators on domains.
Let  be an arbitrary bounded domain of R™. We consider the elliptic operator

k=1

on L?(Q2) and subject to Dirichlet boundary conditions. We assume that cy = cjx € L>°(,R) and
satisfy the usual ellipticity condition

> en(@)é& > nlg)?

k=1

for some n > 0 and all { = (&1,---,&,) € R™ and x € Q. It is a well known fact that the heat kernel
of L satisfies a Gaussian upper bound (see, e.g. [Dav89a] or Chapter 6 in [Ouh05] and the references
therein). Therefore, by Theorem 1.1

N N
1V (32 anen ) lp < CANII( Y2 e )l

k=0 k=0

for p € [1,2]. Here ¢y are the eigenfunctions associated with the eigenvalues (A7) of L.

For p € [2,00], the later Bernstein inequality holds under the assumption that Q is C'*¢ and the
coefficients are C¢ for some ¢ > 0. In this case, the heat kernel of L satisfies the following gradient
estimate (and hence the regularity property (R,) for 1 < p < o)

C =P
Vo)l < mgpe ™ 7

This gradient estimates hold even for complex coefficients and Vp,(x,y) is Holder continuous. See
[EtO19].

4. Compact manifolds.
Let M be a compact Riemannian manifold satisfying one of the following hypothesis

28



i) The manifold M has no boundary and A will be the Laplace-Beltrami operator.

i1) The manifold M has a smooth boundary which is convex in the sense of [LY86, pages 155
and 157]. In that case, A will be the Laplace-Beltrami operator with the Neumann boundary
condition. From a geometric point of view, we moreover assume that the Ricci curvature is
bounded from below by —K (with K > 0).

In both cases, for the Riemannian measure, the doubling property (1.2) holds for n being the
dimension of M. For the null potential W = 0, it follows from our results that the Bernstein inequalities
(Bp,g) hold for 1 < p < g < +oo as well as the reverse Bernstein inequalities (RB,) for any ¢ €
[1,400]. As a particular case, we have for any p € [1,+00] and for any eigenvalue A\? > 1 of —A with
eigenfunction @) the following two-side inequalities

ciMleally < [IVerllp < caAlleallp,

for some positive constants c¢; and cp. This latter inequality is conjectured in [SX10] for p = co. Our
results answer this conjecture (under the convexity of the boundary in the case of Neumann boundary
conditions).
Let us give some details about this.

Case i). In the boundaryless case, the famous Minakshisundaram theorem implies the following
upper bounds on the the heat kernel p;(z,y) of —A

C _ d=y?
ngt(x7y)gwe ¢ ) tE(O,l], (,Z‘,y)EMXM.

We refer to [Cha84, Chapter VI] or [BGMT71, page 204]. Since M is compact, the volume V' (z, /%) is
equivalent to min(1,#"/?) so that (1.2) and (G) hold.

On the other hand, (Ro) follows immediately from (2.6) and the following gradient estimate (see
[Hsu99] and references therein)

Vo) < ¢ (12242

P ﬁ) pe(z,y)
c d(z,y) ) _pdzw)?
+1 ;
ViV (2, VD) ( Vi ‘
Cl _ d(I£y>2

= T

Case ii). For the Neumann boundary case, we need the following important result proved in
[LY86, Theorem 3.2] for the heat kernel hi(z,y) of —A :

C
V(@ VDV (5. V1)

for all € > 0 and some constants C' and c¢. Note that, we clearly have V(z,v/t) ~ V(y,V/t) (even if
x or y belong to the smooth boundary 9M). Thanks to [Gri95, Corollary 1.3 and Theorem 1.2] the
previous estimates imply the following time derivatives bounds

‘aht(x,y)‘ < C eiete_ch(f,y)
ot T V(x,Vt) t ’

d2(z,y)
t

0 < he(z,y) < ete® , t>0, (z,y)eMxM.
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On the other hand, we obtain from [Dav89b] and [LY86, Theorem 1.4] that

aht (I’, y)

Voo < Chulo) |7

1
+C (K + t) he(,y)?

C 1\1/2 & (2)
Vehi(z,y)| < ——— K+> steme
Vohi(z,y)| < Wm( D) e

The exponential loss e’ can actually become an exponential gain by considering L = —A + 2¢ instead
of —A due to the identity p;(z,y) = e ?'hy(z,y) so that we have
c & (z.y)
0 < py(z, < — el 8.4
<nley) £ G (8.4

1\ 1/2 2(a,
Vopr(zy)| < V(C\/g)(“t) sty
x?

The last bound and (2.6) imply (R« ) for L = —A 4 2¢. Note that (B,) reads as

N N
1V (D2 axen) lp < €22 +2ax) 1D cndn )l
k=0 k=0

We can remove ¢ from this estimate by taking 2 < A;. We deal similarly with the reverse Bernstein
inequality.
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