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FUNCTIONAL RELATIONS FOR SOLUTIONS OF
¢-DIFFERENCE EQUATIONS

THOMAS DREYFUS, CHARLOTTE HARDOUIN, AND JULIEN ROQUES

ABSTRACT. In this paper, we study the algebraic relations satisfied by
the solutions of g-difference equations and their transforms with respect
to an auxiliary operator. Our main tools are the parametrized Galois
theories developed in [HS08] and [OW15]. The first part of this paper
is concerned with the case where the auxiliary operator is a derivation,
whereas the second part deals with a g-difference operator. In both
cases, we give criteria to guarantee the algebraic independence of a series,
solution of a g-difference equation, with either its successive derivatives
or its g-transforms. We apply our results to g-hypergeometric series.
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INTRODUCTION

The study of the differential transcendence of special functions is an old
and difficult problem. Only very recently, systematic methods to tackle this
kind of question were discovered. Indeed, after the seminal work of Cassidy
and Singer in [CS07], several authors developed Galoisian approaches in or-
der to study the differential or difference relations between solutions of lin-
ear differential or difference equations; see e.g. Hardouin and Singer [HS08|,
Di Vizio, Hardouin and Wibmer [DVHW14b, DVHW14a| and Ovchinnikov
and Wibmer [OW15]. For instance, this led to a short and comprehensive
proof of Holder’s theorem asserting the differential transcendence of Euler’s
Gamma function; see [HS08|. Also, this enabled the authors of the present
paper to study the differential transcendence of generating series issued from
the theory of automatic sequences, such as the Baum-Sweet or the Rudin-
Shapiro generating series, which turn out to satisfy linear Mahler equations;
see [DHR18|. In the present paper, we take a close look at the differential
algebraic relations satisfied by solutions of linear g-difference equations.Very
little was known about the differential or difference algebraic relations be-
tween these solutions. The first results in this direction, due to Bézivin
(IBB92|) and Ramis ([Ram92]|), assert that a non rational solution of a lin-
ear g-difference equation does not satisfy a linear dependence relation with
its successive transforms with respect to a derivation or a g-difference oper-
ator provided that q is multiplicatively independent of ¢, i.e., log(q¢/q) ¢ Q.
Later, the parametrized Galois theories developed by Hardouin and Singer
in [HSO8] and Ovchinnikov and Wibmer in [OW15] allowed their authors to
give complete criteria for the differential or difference transcendence for the
solutions of g-difference equations of order one or of systems of such equa-
tions. For irreducible g-difference equations, the results of [HS08] allowed to
characterize the dependencies of the solutions via the existence of a linear
compatible equation in the auxiliary operator. Our paper is mainly con-
cerned with g¢-difference equations of order greater than two and combines
the results of Bézivin and Ramis with the parametrized Galois theories men-
tioned above. This paper is divided in two parts.

* % %k

In the first part, we study the algebraic relations between the successive
derivatives of the solutions of linear g-difference equations. These relations
are encoded by the parametrized difference Galois groups introduced by
Hardouin and Singer in [HS08|. The basic (and, at first sight, quite opti-
mistic) question is: if we know the algebraic relations between the solutions,
what can be said about the differential algebraic relations? In Galoisian
terms, an equivalent question is: if we know what the non parametrized dif-
ference Galois group is, what can be said about the parameterized difference
Galois group? Our answer reads as follows. Consider a linear g-difference
equation

(1) an(2)y(q"2) + an1(2)y(q" " '2) + -+ ao(2)y(2) =0

where ag(2),...,an-1(2),an(z) € C(2), ap(z)an(z) # 0, and where ¢ is a
non zero complex number with |¢g| # 1. Let G be the difference Galois
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group of this equation. This is an algebraic subgroup of GL,(C) which
reflects the algebraic relations between the solutions of the equation. Let G°
be its parametrized difference Galois group. This is a differential algebraic
subgroup of GL,,(C), where C is a differential closure of C , i.e., it is a group
of matrices whose entries are the zeros of differential algebraic polynomials
with coefficients in C. As mentioned above, this parametrized difference
Galois group reflects the differential algebraic relations between the solutions
of the equation. The main result of the first part of the present paper, see
Theorem 2.1, can be stated as follows. The technical assumption on the
Galois group in the following theorem could be roughly rephrazed as the
assumption that the Galois group is “sufficiently big”, which means that there
are few algebraic relations among the solutions of the ¢-difference equation.

Theorem. Assume that the derived subgroup G of the neutral component
G° of G is an irreducible almost simple algebraic subgroup of SL,,(C). Then,

G® is a subgroup of G(C) containing G>%(C).

Since GY is sufficiently big, we have for instance the following consequences
on the solutions, see Corollary 3.2.

Proposition. Let h(z) be a non zero Laurent series solution of (1). Let
G be the difference Galois group of (1) and consider the derived subgroup
G of the neutral component G° of G.
e Assume that n > 2 and G*%" = SL,,(C). Then, h(z),...,h(¢g" " '2)
are differentially algebraically independent over C(z).
e Assume that n is even and G*%" = Sp,(C). Then, the series
h(2),...,h(q" " '2) are differentially algebraically independent over
C(z).
e Assume that n > 3 and G>%" = SO,,(C). Then, h(z),...,h(¢g"%2)
are differentially algebraically independent over C(z).

An important family of ¢-difference equations is given by the generalized
g-hypergeometric equations. Assume that 0 < |¢| < 1. Let us fix n > s,
two integers, let a = (a1,...,a,) € (@), b= (b1,...,bs) € (¢ \ ¢ M),
A € C*, and define 04(f(2)) = f(gz). Let us consider the generalized g-
hypergeometric operator:

z)\ilf[l(aiaq 1y H <l;jaq - 1) .

j=1
When b; = ¢, this operator admits as solution the g-hypergeometric series:

o (a;9)
n®s(a, b N\ g2) = Y o Alm iy m

2= (b5 @)m
2T =a)@ = aig) ... (1 = aig™ )
= ijl ™,
m=0 H(l —bj)(1 = bjq) ... (1= bjg™ ")

I
—

J

Using [Roq08, Roqll, Roql2|, we see that, in many cases, the algebraic
group G is either SL,(C), SO, (C) or the symplectic group Sp,,(C) (for
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n even). Therefore, the above results ensure that, in many cases, the g-
hypergeometric series are differentially transcendental. To the best of our
knowledge, the only previously known result in this direction was due to
Hardouin and Singer [HS08| about some g-hypergeometric equations of order
two.

The first part of the present paper is organized as follows. Section 1
contains reminders about difference Galois theory. Section 1.2 contains re-
minders and complements about the parametrized difference Galois theory
developed in [HS08]. In particular, we study the notion of projective isomon-
odromy. Roughly speaking, we show that if the difference Galois group of
(1) is large, then we have two possibilities: either the parametrized difference
Galois is large, or any solution of (1) satisfies a linear differential equation.
In Section 2, we prove the above Theorem by showing that the latter case in
the previous alternative does not occur. In Section 3, we apply our results
to the g-hypergeometric equations.

% 3k %

In the second part of the paper, we study the algebraic g-difference equa-
tions satisfied by the solutions of the equation (1), where q is a non zero
complex number with |q| # 1 such that ¢ and q are multiplicatively inde-
pendent, i.e., log(q/q) ¢ Q. These relations are reflected by the parametrized
difference Galois group introduced by Ovchinnikov and Wibmer in [OW15].
Our main results are formally similar to those mentioned above. However,
the proofs are more involved in this case because the parametrized difference
Galois groups are difference affine algebraic groups. These are more subtle
than the differential algebraic groups. We obtain the following result, see
Corollary 8.1.

Theorem. Let A € GL,(C(z)) and let G be the difference Galois group of
the q-difference system o4(Y) = AY over the oq4-field C(z). Assume that one
of the following holds

e n>2 and G>%*" = SL,(C);
e n >3 and Go%T = SO, (C);
e n is even and G*%" = Sp, (C).

If there ezists f € | J;2, C((z'7)) such that Yo = (f,04(f), -, 0" (f))!
is a wector solution of o,(Y) = AY, then f is oq-transcendental over

U521 C(1).

The second part of the paper is organized as follows. Section 4 contains
reminders and complements about the parametrized difference Galois theory
developed by Ovchinnikov and Wibmer in [OW15]. Then, we split our study
in two cases, depending on the oq-transcendence of the determinant of the
fundamental matrix of solutions. Since the latter is solution of an order one
g-difference equation, we have to compute the parametrized difference Galois
group of such equations. This is the goal of Section 5. Then, in Section 6, we
deal with projective isomonodromy, and we find basically the same type of
result as in the first part. If the difference Galois group of (1) is large, then
we have two possibilities: either the parametrized difference Galois group is
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large, or any solution of (1) satisfies a linear g-difference equation. In Section
7, we prove that the latter case does not occur when the determinant of the
fundamental matrix of solutions is o4-algebraic. Hopefully, in all cases, we
are able to prove the og-transcendence of Laurent series solutions of (1). We
apply our main results to the g-hypergeometric series in Section 8.

General conventions. All rings are commutative with identity and contain
the field of rational numbers. In particular, all fields are of characteristic zero.

Acknowledgement. We thank M. Singer for pointing out some inaccuracies
in a previous version of the paper. We would like to thank the anonymous
referee for her/his careful reading and helpful comments.

Part 1. Differential relations for solutions of ¢-difference equations
1. GALOIS THEORIES OF DIFFERENCE EQUATIONS

1.1. Difference, differential and difference differential algebra. In
this paper we will use standard notions notations and results from difference
and differential algebra. Some of them are recalled below and all of them can
be found in [HS08, Section 2 and Section 6.2] and in the references therein
(notably [Coh65, vdPS03, vdPS97]).

1.1.1. Difference differential algebra. A (o4,9)-ring (R, 04, ) is a ring R en-
dowed with a ring automorphism o, of R and a derivation ¢ of R commuting
with o,. If there is no possible confusion, we write R instead of (R, oy, 6).

In the sequel we use the notions of (og,d)-ideals, (o4, d)-morphisms,
(04, 6)-algebras, (o4, 6)-fields, etc. We will not recall here these definitions
but we would like to mention as a general convention that the operator predi-
cate indicates that the algebraic structure of the attribute is compatible with
the operators. For instance, a (o4, 0)-ideal is an ideal setwise invariant by o
and 0. We refer to [HS08, Section 2 and Section 6.2| for more details.

For any (o4,0)-ring R, we denote by R’ and by RY the rings of oq and §
constants respectively of the (o4, d)-ring R, i.e.,

R ={ceR|o,(c)=c}and R’ ={ce R | §(c)=0}.

If R% (resp. R?) is a field, it is called the field of o,-constants (resp. o-
constants).

1.1.2. Differential algebra. If o, = Id, any (o4, 6)-attribute will be called a
o-attribute. For instance, a §-ring R is a ring R endowed with a derivation
0:R— R.

Let K be a J-field. Let R be a K-d-algebra and let ay,...,a, € R. We
denote by K{ay,...,a,}s the K-d-subalgebra of R generated by a1, ..., a,.
If R is moreover a field, we denote by K(a1,...,a,)s the K-6-subfield of R
generated by ai,...,a,. We denote by K{y1,...,yn}s the K-d-algebra of §-
polynomials in the differential indeterminates y1, ..., y, and with coefficients
in the §-field K; it is the K-algebra of polynomials with coefficients in K
and in the indeterminates 5jyz- with 7 > 0 and 1 < i < n (we emphasize
that 67y, is simply a notation for indeterminates) endowed with the unique
derivation extending the derivation of K and such that 6(67y;) = 67+ 1y;.
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Let R be a K-d-algebra and let ay,...,a, € R. If there exists a nonzero
P e K{y1,...,yn}s such that P(ay,...,a,) = 0, then we say that ay,...,a,
are d-algebraically dependent over K. Otherwise, we say that aq,...,a, are

d-transcendental over K, or -algebraically independent over K.

A é-field k is called d-closed if, for every set of §-polynomials F, the system
of d-equations F = 0 has a solution in some J-field extension of k if and only
if it has a solution in k. Note that the field of d-constants k? of any d-closed
field k is algebraically closed. A fundamental fact is that any J-field k is
contained in a d-closed field. In fact, for any such k there is a d-closed field
k containing k such that for any d-closed field K containing k, there is a
6-k-isomorphism of k into K. Moreover, if k9 is algebraically closed then
k% = k% We refer to [Kol74] for more details.

From now on, we consider a d-closed field k. A subset W C k"™ is Kolchin-
closed (or d-closed) if there exists S C k{y1,...,yn}s such that

W ={a€k"| f(a)=0forall feS}.

The Kolchin-closed subsets of k™ are the closed sets of a topology on k™,
called the Kolchin topology. The Kolchin-closure of W C k™ is the closure
of W in k" for the Kolchin topology.

Following Cassidy in [Cas72, Chapter II, Section 1, Page 905|, we say that
a subgroup G C GL,(k) C k™ " is a linear J-algebraic group if G is the
intersection of a Kolchin-closed subset of k™" (identified with k™) with
GL, (k).

For a d-subfield F of k , we say that a linear §-algebraic group G C GLj, (k)
is defined over F' if G is the zero set of J-polynomials with coefficients in F'.
For G C GL, (k) a linear d-algebraic group defined over F' and L a d-field
extension of F'; we denote by G(L) the set of L-points of G.

A §-closed subgroup, or d-subgroup for short, of a linear J-algebraic group
is a subgroup which is Kolchin-closed. The Zariski-closure of a linear -
algebraic group G C GL, (k) is denoted by G and is a linear algebraic group
defined over k.

1.1.3. Difference algebra. If 6 = 0, any (o4, 6)-attribute will be called a o4
attribute. For instance a og4-ring R is a ring R endowed with a ring auto-
morphism o4 : R — R.

1.2. Difference and Parametrized Difference Galois theories.

1.2.1. Parametrized Difference Galois theory. For details on what follows,
we refer to [HS08].

Let K be a (04, §)-field such that k = K% is a d-closed field and consider
a linear difference system

(1.1) oY) =AY
with A € GL,,(K) for some integer n > 1.
By [HS08, § 6.2.1], there exists a K-(oy, §)-algebra S such that

1) there exists U € GL,(S) such that o,(U) = AU (such a U is called
a fundamental matrix of solutions of (1.1));

2) S is generated, as K-6-algebra, by the entries of U and det(U)™!;

3) the only (og,d)-ideals of S are {0} and S.
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Such a S is unique up to isomorphism of K-(oy,d)-algebras and is called
a (04,0)-Picard-Vessiot ring, or (og4,6)-PV ring for short, for (1.1) over K.
A (04,0)-PV ring is not always an integral domain but it is a direct sum
of integral domains stable by 0 and transitively permuted by o,. The total
quotient ring Qg of S has a natural structure of S-(og, d)-algebra and is
called a total (o4, d)-PV ring for (1.1) over K. We have Qg77 = k.

The (0,,6)-Galois group Gal’(Qg/K) of S over K is the group of K-
(04, 6)-automorphisms of Qg, i.e.,

Gal’(Qs/K) = {¢ € Aut(Qg/K) | 0,06 = ¢ oo, and §o ¢ = p o d}.

According to [HS08, Proposition 6.18], for any ¢ € Gal®(Qg/K), there
exists a unique C(¢) € GLy (k) such that ¢(U) = UC(¢) and the faithful

representation

pu : Gal’(Qs/K) — GLy(Kk)
¢ = C(9)
identifies Gal®(Qg/K) with a d-closed subgroup of GLy, (k).

1.2.2. Difference Galois theory. If the derivation ¢ is always considered to
be trivial, a (o4, 0)-PV ring R for (1.1) over K will be simply called a Picard-
Vessiot ring, or PV ring for short. The corresponding total (o4, d)-PV ring
Opr will be simply called a total Picard-Vessiot ring, or total PV ring for
short. The corresponding (o, §)-Galois group will be simply called the dif-
ference Galois group and denoted by Gal(Qr/K). The faithful representa-
tion py identifies Gal(Qgr/K) with a linear algebraic subgroup of GL, (k).
We refer to [vdPS97, Theorem 1.13| for more informations.

1.2.3. From parametrized to non parametrized difference Galois groups. Let
S be a (04,0)-PV ring over K for (1.1) and let U € GL,,(5) be a fundamental
matrix of solutions. The K-o4-algebra R generated by the entries of U and
det(U)~! is a PV ring for (1.1) over K and we have Qp C Qg. One can
identify Gal’(Qg/K) with a subgroup of Gal(Qr/K) by restricting the ele-
ments of Gal®(Qg/K) to Qp; with this identification, we have the following
result:

Proposition 1.1 ([HS08, Proposition 2.8]). The group Gal’(Qg/K) is a
Zariski-dense subgroup of Gal(Qr/K).

1.3. A technical result. In order to use the Galois theory exposed in Sec-
tion 1.2.1 above, we need to work with a base (og4,0)-field K such that
k = K% is a §-closed field. Unfortunately, most of the function fields arising
naturally as base (o4, 6)-fields do not satisfy this condition. The following
Lemma will be used in order to remedy this problem.

Lemma 1.2 (|[DHR18, Lemma 2.3|). Let F' be a (o4,9)-field such that
k = F74 s algebraically closed. Let k be a §-closed field containing k. Then,
the ring E@kF is an integral domain whose fraction field K is a (o4, 9)-field
extension of F' such that K% = k.
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1.4. Transcendence results. Let K be a (o4, d)-field such that k = K%
is 0-closed. Let S be a (04,6)-PV ring for (1.1) over K, let Qg be the
corresponding total (o4,8)-PV ring, and let Gal’(Qg/K) be the associated
(04,0)-Galois group.

In the following result, we denote by SO, (k) the special orthogonal group

SO, (k) = {C € SL,(k)|C'C =1,}
and, if n is even, by Sp,,(k) the symplectic group

Sp, (k) = {C € GL,(K)|C'JC = J} where J — < IO/ 1"0/2> .
“in/2
Proposition 1.3. Let U € GL,,(S) be a fundamental matriz of solutions of
(1.1) and let uw be a row (resp. column) vector of U. If n > 2 and if there
exists P € GLy (k) such that the image of Gal’(Qg/K) by the representation
pup contains
e SL, (k) or Sp,,(k) then the entries of u are d-algebraically indepen-
dent over K;
e SO, (k) then any n — 1 distinct elements among the entries of u are
d-algebraically independent over K.

Proof. For the sake of clarity, we assume that u = (u1,...,uy) is the first
row of U. The proof in the other cases is similar.

SLy, (k)-case.

We first explain the strategy of the proof in the SL,(k)-case. Let
X = (Xi;j)i<ij<n be d-indeterminates. Let J be the kernel of the unique
morphism of K-d-algebras K{X, ——4-1s — S such that X — U. We

det(X)
denote by (z1,...,2,) = (X11,...,X1,) the first row of X. The 0-
algebraic relations with coefficients in K between w1, ..., u, correspond to
the elements of 3 N K{x1,...,z,}s. So everything amounts to prove that

INK{x1,...,2n}s = {0}. In order to prove this, we will relate J to the ideal
defining the d-algebraic group Gal’(Qg/K). Such a relation follows from the
fact that the (o4, §)-PV ring S is the coordinate ring of a Gal’(Qg/K)-torsor
over K.

We shall now give the details of the proof, still in the SLy,(k)-case. As
above, we let J be the kernel of the unique morphism of K-d-algebras
© K{X,ﬁ(x)}g — S such that X — U and we denote by V the o-
algebraic variety over K defined by J. On the other hand, we let G be the
image of Gal’(Qg/K) by the representation py, we let £ be the d-ideal of
k{X, ﬁ(x)}(; of the equations of G and we let G be the §-algebraic variety
over K defined by £; in other words, G is the J-linear algebraic group over
K obtained from G by extension of scalars from k to K. Both V and G can
be seen in GL,, k. The following map is well-defined and makes V a G-torsor
over K (this is the content of [HS08, Proposition 6.24|):

VXKg — VXKV
(v, M) — (v,uM).
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So, if we let K be a d-closure of K, we have V( ) # 0 and V(K ) Zy-G(K)
for any Zy € V(K) In terms of the d-ideals J and £ of K{X, T t }5 defining

V(K) and G(K) respectively, the equality V(K) = Zo - G(K) is equlvalent to
3= {15(20—1)() ’ Pe E} .

Since the image of Cal’(Qg/K) by the representation pyp con-

tains SLy(k), we see that G contains H = PSLg(k)P_l(: SL,(k)).

So, G(K) contains H =SL,(K) and, hence, J is contained in

the radical d-ideal {det(X) — det(Zy)}s of K{X’#(X)}é generated

by det(X) — det(Zp). We now claim the equality of ideals

{det(X) — det(Zo)}s N K{z1,...,2,}s = {0}. Indeed, let us consider
P=P(X)=P(z1,...,x,) € {det( ) —det(Zy)}s N K{z1,...,2n}s. For

any (ai,...,a,) € K” \ {(0,...,0)}, there exists a matrix A € M,(K)
with first row (a1,...,an) such that det(A) = det(Zy), so that
ﬁ(al,.. L Ap) = ﬁ(A) =0 because P € {det(X) — det(Zo)}s. Therefore,
P vanishes on K™\ {(0,...,0)} and, hence, P = 0. We now have the desired

result because

INK{z1,...,2n}s CINK{z1,... 20 }s
C {det(X) — det(Zo)}s NK{z1,...,an}s = {0}.

Sp,, (k)-case.

We now consider the Sp,, (k)-case. Arguing and using the same notations as
in the SL,, (k)-case treated above, we see that it is sufficient to prove that the

equality Iin I~({x1, ..., xp}s = {0} holds true if H = PSp,,(k)P~! instead
of PSL,(k)P~!. If H = PSp,,(k)P~! then G(K) contains

H ={Q € GL,(K)|QD,Q! = D, and det(Q) = 1}
with Dy = PJP! and, hence, J is contained in the radical d-ideal
{XD; X" — ZyDsZ{,det(X) — det(Zp)}s of K{X, det }5 generated by

XDy X' — ZyDsZb and det(X) — det(Zp). Of course, H is nothing but the
symplectic group for the symplectic form with matrix Dy in the canonical
basis of K™. The first row of Z is non zero and, hence, is the first vector of a
symplectic basis of K" ‘with respect to the symplectic form with matrix D, in
the canonical basis of K™. This proves that Zy = RS for some R € GL, (K)
with first row (1,0,...,0) and some S € H. Then, RDyR! = ZyD,Z} and
det(R) = det(Zp). So setting ¥ = R~ 1X and denotlng by (Y1,-.-,Yn) the
first row of Y, we have K{X, Ie X)}5 K{Y, det }5, K{z1,...,2,}5 =

K{yl, .y Ynts and

J C{XD X' — ZyD,Z}, det(X) — det(Zo) }s = {Y DY — Dy, det(Y) — 1}5.
Now, we claim that I NVK{y1,...,yn}s={0}. Indeed, consider
P=PY)=DPly,...,yn) € {YDY' — D,,det(Y) — 1}s "N K{y1, ..., yn}s.
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Using the fact that any nonzero vector of a symplectic vector space
is the first vector of some symplectic basis, we see that, for any
(a1,...,an) € K", there exists a matrix A € H with first row (a1, ..., ay).
So, ﬁ(al, ...,an) = P(A) = 0 because P € {YD,Y* — D, det(Y) —1}5 and,
hence, P= 0. We now have the desired result because

jmK{ylv'”7yn}§ Cﬁﬁf{{yl,ayn}é
c {YD,Y" = Dy, det(Y) — 1}s N K{y1,...,yn}s = {O}.

SO, (k)-case.

We now consider the SO, (k)-case. For the sake of clarity, we will
prove that wuq,...,u,—1 are d-algebraically independent over K, the gen-
eral case being similar. Arguing and using the same notations as in the
SL, (k)- -case treated above, we see that it is sufficient to prove that the
equality 3 N K{zy,...,2n_1}s = {0} holds true if H = PSO, (k)P
instead of PSL,(k )P’l. If H = PSO,(k)P~! then G(K) contains
H ={Q € GL,(K)|QDQ" = D and det(Q) = 1} with D = PP" and, hence,
Jis Contained in the radical d-ideal {XDX' — ZoDZ{,det(X) — det(Zp)}s
of K{X, det }5 generated by XDX' — ZyDZ] and det(X) — det(Zy). Of
course, H is the special orthogonal group for the bilinear form on K" with
matrix D with respect to the canonical basis of K". We can decompose
Zy as RQ where R € GL,(K) is lower triangular and Q € H. Then,
RDR! = ZyDZ} and det(R) = det(Zp). So, setting Y = R71X and denoting
by (y1,...,yn) the first row of Y, we have I~({X K{Y,

I~{{x1, ceyTp—1}s = I~({y1, ey Yn—1}s and
J C {XDX'— ZyDZ}, det(X) — det(Zy)}s = {YDY"' — D,det(Y) — 1}5.

1 _ 1
» det(X) o = det(Y) 16,

Now, we claim that {YDY' — D,det(Y) — 1}s N K{y1,...,yn_1}s = {0}.
Indeed, consider

P=PY)=P(y,...,yn-1) € {YDY'—D,det(Y)—1}snK{y1, . .., Yn_1}s-

By the Graam-Schmidt process, for any (ai,...,a,—1) € I~{”_1, there ex-
ists a, € K and a matrix A € H with first row (ai,...,ay), so that
P(ai,...,an_1) = P(A) = 0 because P € {YDY! — D, det(Y) — 1}4 and,
hence, P = 0. We now have the desired result because

IOK{Y1, - Un-1}6 CINK{Y1, - Yn-1}s
c{YDY' - D,det(Y) — 1}s N K{y1, ..., yn-1}s = {O}.
O

1.5. Projective isomonodromy. Let K be a (o4, ¢)-field with k = K7«
algebraically closed. Let k be a d-closure of k. Let C = k® = k% be the
(algebraically closed) field of constants of k. Lemma 1.2 ensures that k@, K
is an integral domain and that L = Frac(k @y K) is a (o, 0)-field extension



FUNCTIONAL RELATIONS FOR SOLUTIONS OF ¢-DIFFERENCE EQUATIONS 11

of K such that L9 = k. We let Qg be the total ring of quotients of a
(04,6)-PV ring S over L of the difference system

oY) =AY
where A € GL,,(K).

Proposition 1.4. The following properties are equivalent:

(1) Gal’(Qg/L) is conjugate over GLy(K) to a subgroup of k*SLy(C);
(2) there exists B € K™"*™ such that

(1.2) 04(B)A = AB + §(A) — %6(det(A)) det(A) "1 A.

Proof. The proof of this proposition is the same as the proof of [DHR1S,
Proposition 2.10| and hence is omitted. O

In what follows, we denote by N¢(H) the normalizer of H in G. A sub-
group of the linear group is called irreducible if the induced representation
is irreducible.

Lemma 1.5. Let H be an irreducible subgroup of SLy(C). Then,
Ney, i (H) = K*Nsp,, (o) (H).

Proof. Let M € GL,(k) be in the normalizer of H. Consider N € H.
We have MNM~' € H. In particular, we have S(MNM™!) = 0, i.e.,
S(MNM~' — MNM~'§(M)M~' =0, so M~15(M) commutes with N. It
follows from Schur’s lemma that M ~1§(M) = cI,, for some ¢ € k*. So, the
entries of M = (m; j)1<s,j<n are solutions of 6(y) = cy. Let g, jo be such that
Mig,jo # 0. Then, M = miq g, M’ with M’ = 1M & GL, (k%) = GL,(C).
Since C is algebraically closed, we can write M = AM” for M" € SL,,(C) and
A € C*. Hence, the normalizer of H in GL, (k) is included in k*Ngr,,(c)(H).
It follows that N¢; i) (H) C EXNSL,L(C) (H). The other inclusion is obvious.

U

For any algebraic subgroup G of GL,,(k), let G° be the neutral component
of G and G°%" be the derived subgroup of G°. We recall that a linear
algebraic group G is almost simple if it is infinite, non-commutative and
if every proper normal closed subgroup of G is finite. In particular, G is
connected. Moreover, G equals its derived subgroup G4,

Proposition 1.6. Assume that the difference Galois group G of o4(Y') = AY
over the o4-field K satisfies the following property: the algebraic group Go-der
is an irreducible almost simple algebraic subgroup of GL, (k) defined over C.
Then, we have the following alternative:

(1) Gal’(Qg/L) is conjugate to a subgroup ofﬂxNSLn(C)(Go’d”(C)) con-

taining G947 (C);
(2) Gal’(Qg/L) is equal to a subgroup of G(K) containing G (k).
Furthermore, the first case holds if and only if there exists B € K™*" such

that

(1.3) 04(B)A = AB + §(A) — %6(det(A)) det(A) " A.
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Proof. Let R be the L-o4-algebra generated by the entries of a
fundamental matrix of solutions U € GL,(Qg) and by det(U)™!;
this is a PV ring for o4(Y) = AY over the o, field L. Us-
ing [CHSO08, Corollary 2.5], we sce that Gal(Qg/L) = G(k). So,
Gal(Qp /L) der = Goder (k). Since Gal®(Qg/L) is Zariski-dense in
Gal(Qp/L) (see Proposition 1.1), we have that Gal®(Qg /L) %"s* is Zariski-
dense in the group Gal(Qp/L)%%" = Goder (k). By [Cas89, Theorems 19
and 20|, Gal®(Qg/L)%%"s is either conjugate to G (C) or equal to
Go%r (k). Since Gal’(Qg/L)°%"s is a normal subgroup of Gal’(Qg/L),
Lemma 1.5 ensures that Gal®(Qg/L) is either conjugate to a subgroup of
EXNSLH(C) (G°%r(C)) containing G (C) or is equal to a subgroup of G (k)
containing G°% (k).

The remaining statement is a direct consequence of Proposition 1.4. [

2. LARGE (0g4,9)-GALOIS GROUP OF ¢-DIFFERENCE EQUATIONS

In this section, we focus our attention on g¢-difference equations over C(z).

Let us consider the field C(z) and the algebraic closure C(z) of C(z) in (the

algebraically closed field) C((2*)) = U2, C((2'/7)). Let ¢ be a non zero
complex number such that |¢| # 1. We choose a consistent system (g;);>1
of roots of ¢; this means that (¢;);>1 is a sequence of complex numbers such

that, for all positive integer j, q? = ¢ and, for all positive integers j, k, [, if

j = lk then qé- = qi. This allows us to extend the action of o, to C(z) by
setting oo (f) = f(gjz"/7) for f € C(z) N C((z'/7)). We have C(z)"* = C.

The derivation § = z-4 endows C(z) with a structure of (o4, d)-field. Note

also that C(z) is a (o4, 6)-subfield of C(z) with C(z)? = C.
Let (C, d) be a 0-field that contains (C, ¢) and which is d-closed. According
to Lemma 1.2, the (o4, 0)-field

L = Frac(C ®¢ C(2))

is a (04,0)-field extension of C(z) such that L7 = C.
Consider the g-difference system

(2.1) og(V) = AY

with A € GL,(C(z)). In what follows, we let S be a (04,0)-PV ring over L
for the equation (2.1), Qg be the total ring of quotients of S, and we denote
by Gal’(Qg/L) the corresponding (o, §)-Galois group over L.

The theorem below shows that if the difference Galois group of a g¢-
difference system is large, the same holds for the parametrized difference
Galois group.

Theorem 2.1. Let G be the difference Galois group of the q-difference sys-
tem (2.1) over the o,-field C(z). Assume that G is an irreducible almost

*This is the Kolchin-closure of the derived subgroup of Gal’(Qs/L)° where the no-
tation os means that we consider the identity component of the group for the Kolchin
topology; see [DHR18, Section 4.4.1].
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simple algebraic subgroup of SL,(C). Then, Ga16(QS/L) is a subgroup of
G(C) containing G (C).

Before giving the proof of Theorem 2.1, we state and prove some prelimi-
nary results.

Lemma 2.2. Let G be the difference Galois group of (2.1) over the o4-

field C(z). Let HC GLy(C) be the difference Galois group of (2.1) over the
oq-field L. Then, H°(C) = G°(C).

Proof. Since C(z) is an algebraic extension of C(z), |[Roql8, Theorem 7|
implies that the difference Galois group G’ of (2.1) over the oy -field C(z)
has the same connected component as G. By [CHS08, Corollary 2.5|, the

group H is isomorphic to G'(C). Therefore, the group H® is isomorphic to

G°(C) = G°(C). O
Remark 2.3. As a straightforward consequence of Lemma 2.2, we obtain
that if G>9" is an irreducible almost simple algebraic subgroup of GL,(C)
then H°%" equals G*%"(C) and is an irreducible almost simple algebraic
subgroup of GL,(C).

Lemma 2.4. Assume that the system (2.1), has a solution u = (uy, ..., u,)!
with coefficients in C((2*)). Then, there exists a (o4,9)-PV ring T over L
of (2.1) that contains the L-0-algebra L{uy, ..., u,}s.

Proof. The result is obvious if u = (0,...,0)!. We shall now assume that
u # (0,...,0)". We equip C((z*)) with the structure of (o4, §)-field given by
oq(f(2)) = f(gz) and § = zd%. It is easily seen that we have C((z*))7? = C.
We let ' = C(2)(u1,...,un)s be the d-subfield of C((z*)) generated over
C(z) by the series u1, ..., uy; this is a (o4, )-subfield of C((z*)) such that
F% =C. By Lemma 1.2, C®c F is an integral domain and its field of frac-
tions Ly = L(u1, ..., un)s is a (04, 6)-field such that L7 = C. We consider a
total (g4,0)-PV extension Qg, for (2.1) over L; and we let U € GL,(Qsg, ) be
a fundamental matrix of solutions of this difference system. We can assume
that the first column of U is u. Let T be the L-(oy, §)-algebra generated by
the entries of U and by det(U)~!. Since the total ring of quotient Qr of
T is contained in Qg, and ngi = @, the o4-constant field of Qr is C. By
[HS08, Proposition 6.17|, the ring 7" is is a (o4,6)-PV ring for (2.1) over L
that contains L{u1,...,u,}s by construction. O

Lemma 2.5. Let us consider a vector u = (uy,...,u,)" with coefficients in
C((2")) which is solution of (2.1). Assume moreover that each w; satisfies
some nonzero linear differential equation with coefficients in C(z). Then, the

u; actually belong to C(z).

Proof. According to the cyclic vector lemma, there exists P € GL,(C(2))
such that Pu = (f,04(f),...,0,"71(f))! for some f € C((z")), which is a
solution of a nonzero linear g-difference equation of order n with coeflicients
in C(z). Moreover, f satisfies a nonzero linear differential equation with
coefficients in C(z), because it is a C(z)-linear combination of the u;. Let
j € N* such that f € C((z'/7)). Up to taking a ramification of the variable
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z, it follows from [Ram92, Theorem 7.6] that f belongs to C(z'/7). Hence,
the entries of u = P71 (Pu) = P71(f,04(f),...,0," 7 (f))! actually belong
to C(21/7) c C(z) as expected. O

Proof of Theorem 2.1. Using Lemma 2.2 and Proposition 1.6, we are re-
duced to proving that the (og,d)-Galois group over the (og4,d)-ring L of
o04,(Y) = AY is not conjugate to a subgroup of C - NSLH((C)(GO’de’"((C)).

Suppose to the contrary that it is conjugate to a subgroup of C -
Nsp, ) (G>"(C)). Let /det A be a n-th root of det A in C(z). We con-

sider A’ = (V/det A)71A € SL,(C(2)). Let C({z}) be the field of fraction

of the ring of convergent power series C{z}. Since C(z) C U C({z'7),
j=1

up to taking a ramification of the variable z, we can apply Lemma B.2 to

the system o4(Y) = A’Y and we get that there exist ¢ € C* and r € Q

such that 04(Y) = A"Y, with A” = ¢z" A" € GL,(C(z)), has a nonzero so-
oo

lution u = (ug,...,u,)" with coefficients in U C({z'"}) c C((z*). In
j=1
virtue of Lemma 2.4, there exists a (o4,9)-PV ring S over the (o4, 0)-ring
L for 04(Y) = A”Y containing the entries of u. We let U” € GL,(S) be a
fundamental matrix of solutions of o4(Y’) = A”Y whose first column is w.
We claim that the neutral component of the derived groups of the dif-
ference Galois groups of the systems o4(Y) = AY and 0,(Y) = A”Y over
L coincide and are therefore equal to G4 (C). Indeed, we first note that
A" = hA for some h € L* and we let R be a Picard-Vessiot ring over

L for the system o,(Y) = <61 2) Y. There exists U € GL,(R) and

v € R* such that 04(U) = AU and o4(v) = hv. Then, L[U, ﬁ((])] CR
(resp. L[vU, W“U)] C R) is a Picard-Vessiot ring for o4(Y) = AY (resp
o04(Y) = A"Y) over L. In the representation attached to U and vU, one
can easily conclude to the equality of the derived groups, and therefore, the
equality of the neutral component of the derived groups. This proves the
claim.

Now, since the (o4, §)-Galois group of o4(Y) = AY over L is conjugate
to a subgroup of C - NSLn(C)(GO’d”((C)), Proposition 1.6 ensures that there

C(z

exists B € C(z) " such that

(2.2) 04(B)A = AB +(A) — %5(det(A)) det(A)~'A.
An easy computation shows that

(23)  o,(B)A" = A"B + 5(A") — %5(det(A”)) det(A”) 1 A"

Since the determinant d = det(U”) satisfies the g-difference equation
oq(d) = (det A”)d = (¢z")"d, we obtain the integrability of the system of
equations

o,(Y)=A"Y
5(Y)=(B+ 4y,
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So, there exists D € GLy(C) such that V = U”D € GL,(S) satisfies

o (V) =A"V
24) {6(V) =(B+ v

We recall that 04 09 = 6 o 04, Note that %d € S is such that
aq (5;) 8 4 nr. So, L{‘Sd }s C Sisa (aq, 0)-PV ring over the (o4, 0)-ring
L. The Correepondlng (og, 5) Galois group is Kolchin-connected because it is
a d-subgroup of the additive group Ga(@) and, hence, according to [Cas72,
Proposition 11|, it is the vector space of solutions of a linear differential op-
erator. Therefore, L{‘Sd }s is an integral domain and, hence, we can consider
its field of fraction L( dys QS

Note that, since o4 (551) = + nr, we have O'q( (%d)) ?d ), and
therefore, § ( ) € §7a = C. Consequently, < dys = (%d)
Using (2.4), we get 8(U")D+U"8(D) = §(U"D) = §(V) = (B+ 29y p
S0
S(U") = (B + ‘“?) U” —U"s(D)D~".
n

The previous formula implies that the L(%)—VGCtOI‘ subspace of Qg generated
by the entries of U” and all their successive d-derivatives is of finite dimen-
sion. In particular, any u; satisfies a nonzero linear d-equation L;(y) = 0
with coefficients in L[2{].

We claim that any wu; satisfies a nonzero linear d-equation with coefficients
in L. _

If nr = 0, we have o (‘i‘ij) —|— nr = 5(?, and therefore € 5% =C,
which proves our claim.

Assume that nr # 0. The equation £;(y) = 0 can be rewritten as
Zj o Lij(y )(5‘1)] = 0 where the £; ;(y) are linear §-operators with coef-
ficients in L, not all zero.

Let us now prove that %d is transcendental over L{uq, ..., uy)s. Indeed,
suppose to the contrary that there is a non zero relation

- S () -

with k > 1 and ag,...,ax-1,a;x = 1 € L{uy,...,uy)s. We can and will
assume that £ > 1 is minimal. Applying o, to equation (2.5), we get

(2.6) Zaq (ax) < + nr)k =0.

Since x is minimal and a, = o4(ax) = 1, the coefficients of any (%)k in
(2.5) and (2.6) are equal. In particular, equating the coefficients of (?d
we get

ax—1 = 0g(ax—1) + Knr.
Since ax—1 € C((z*)), the term of degree 0 in ax—1 — og(ax—1) is equal to
0 and, hence, is not equal to knr # 0. A contradiction proving that %d is
transcendental over L{ug, ..., up)s.
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It follows that 2§ is transcendental over L(uy,...,u,)s and that all the
L; j(u;) are equal to zero. This proves our claim, that is, any w; satisfies
some nonzero linear d-equations with coefficients in L.

Since the w; belong to C((z¥)), we obtain that any wu; satisfies a nonzero

linear J-equation with coefficients in C(z). Since C(z) is an algebraic exten-
sion of C(z), we get that any u; satisfies a nonzero linear J-equation with
coefficients in C(z).

The vector u is a solution of g,(Y) = A”Y. Then, letting p be a denomi-
nator of  and considering the pn-th tensor power of this g-difference system,
we get that u®P" satisfies a linear g-difference equation with coefficients in
C(z). Since any u; satisfies a nonzero linear d-equation with coefficients in
C(z), we find that u®P™ satisfies a nonzero linear d-equation with coefficients
in C(z). Tt follows from Lemma 2.5 that the entries of u®P" belong to C(z)
and, hence, any u; belongs to C(z). Therefore, the first column of U” is
fixed by the difference Galois group of o4(Y) = A”Y over L and this con-
tradicts the fact that this group contains G°7der(((~j), which is irreducible by
hypothesis. O

3. APPLICATIONS

3.1. User friendly criterias for transcendence. The goal of this subsec-
tion is to use Theorem 2.1, in order to give transcendence criteria. We refer
to Section 2 for the notations used in this section.

Corollary 3.1. Let G be the difference Galois group of the q-difference sys-
tem (2.1) over the og-field C(z). Let us assume that (2.1) admits a non zero
vector solution u = (uy,...,u,)" with entries in C((2*)).

o Assume that n > 2 and G*%" = SL,(C). Then, the series u1, ..., u,
are d-algebraically independent over C(z). In particular, any w; is o-
transcendental over C(z).

e Assume that n > 3 and G>%" = SO,(C). Then, the series

UL, ..., Up—1 are 0-algebraically independent over C(z).
e Assume that n is even and G*%" = Sp,(C). Then, the series
Ui, ..., Uy are §-algebraically independent over C(z).

Proof. Thanks to Lemma 2.4, there exists a (04,0)-PV ring S for the system
(2.1) over L containing L{uy,...,uy}s. Let U € GL,(S) be a fundamental
matrix of solutions of the system (2.1) whose first column is u. Since G
is equal to SO, (C), (resp. SL,(C), resp. Sp,(C)), with Theorem 2.1, we

find that the (o4, d)-Galois group of (2.1) contains SO,,(C), (resp. SL,(C),
resp. Sp,,(C)). The results of Section 1.4 yield the desired conclusion. O

Consider now the following g¢-difference equation

(3.1) an(2)y(q"2) + an—1(2)y(q"'2) + - + ao(2)y(z) =0

for some integer n > 1, and some ag(z),...,an(z) € C(z) with
ap(z)an(z) # 0. In what follows, by “difference Galois group of equation
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(3.1)”, we mean the difference Galois group of the associated system
(3.2)

0 1 0o - 0
0 0 1 :
oq(Y) =AY, with A = : : 0 € GL,(C(z)).
0 o --- 0 1
_;Lg _;L:L _‘12;1

Corollary 3.2. Let G be the difference Galois group of the q-difference sys-
tem (3.2) over the oq-field C(z). Let us assume that (3.1) admits a non zero
solution g € C((2%)).
e Assume that n > 2 and G>% = SL,(C). Then,
9(2),9(qz),...,9(q"'2) are 6-algebraically independent over C(z).
e Assume that n > 3 and G°%" = S0,(C). Then,
9(2),9(qz2),...,9(q"22) are 5-algebraically independent over C(z).
e Assume that n is even and G*%" = Sp,(C). Then, the series
9(2),9(qz2),...,9(¢"12) are 5-algebraically independent over C(z).

Proof. Let us note that if g(z) € C((z")) is a nonzero solution of (3.1), then
ur = (9(2),9(q2),...,9(¢"12))! is a nonzero solution of (3.2) with entries
in C((z*)). This is a direct consequence of Corollary 3.1. O

3.2. Generalized Hypergeometric series. In this subsection, we follow
the notations of [Roqll, Roql2] and we assume that 0 < |g| < 1. Once for
all, we fix a determination log(q) of the logarithm of ¢ and, for all & € C,
we set @ := e®1°8(0)  Note that for all a, 8 € C, we have ¢®1t8 = ¢*¢®. Let
us fix n,s € N*, let a = (a1,...,a,) € ()", b= (b1,...,bs) € (¢®\ ¢V,
A € C*, and consider the g-difference operator:

(3.3) z/\zf[l(aiaq —1) - H <Zjaq - 1) .

j=1
When b1 = g, this operator admits as solution the power series:

[e.e]

—

n‘bs(ga b, )\,q;Z) = = q)m)\mzm

q)

(1—a;)(1—aiq)...(1—aig™ ")
1 m._m
AT

(1—b;)(1 —bjq)... (L —bjg™ ")

3

—
I

Il
s
s

0

i
—.

<.
I
—

Until the end of the subsection, let us assume that s = n > 2 and that
a=(a1,...,an) € (@O b= (b1,...,bs) € (¢U\ gV

According to [Roqll, Propositions 6 and 7], the operator (3.3) is irre-
ducible over C(z) if and only if, for all (i,j) € {1,...,n}?, a; & bjq?. We
say that (3.3) is ¢-Kummer induced if it is irreducible, and there exists a
divisor d # 1 of n, and two permutations u,v of {1,...,n}, such that, for
allie{1,...,n}, a; € au(i)ql/dqz, and b; € b,,(i)ql/dqz.



18 THOMAS DREYFUS, CHARLOTTE HARDOUIN, AND JULIEN ROQUES

Theorem 3.3 (|[Roqll, Theorem 6|). Let us assume that (3.3) is irreducible
and not q-Kummer induced. Let G be the difference Galois group of the q-
difference system (3.3) over the o4-field C(z). Then, G is either SL,(C),
SO, (C) (only when n is odd), or Sp,,(C) (only when n is even). Moreover,
G s SO, (C) (resp. Sp,,(C)) if and only if

o [T1ai € " IT}_1 b;;

e there exists c € C*, there exist two permutations p1, po of {1,...,n},

such that, for all'i,j € {1,...,n}, caja,, ;) € 7z, cbiby, () € q%;
e n is odd (resp. even).

Theorem 3.3 and Corollary 3.2 yield the following result.

Corollary 3.4. Let us assume that (3.3) is irreducible and not q-Kummer
induced. Let G be the difference Galois group of the q-difference system (3.3)
over the o4-field C(z) and let G®, be the §-Galois group of the q-difference
system (3.3) over the field L.
e Assume that G*9" = SL,(C) (resp. that n is odd and
Goder = S0,,(C), resp. that n is even and G = Sp, (C)). Then,
G contains SLy(C), (resp. SO,(C), resp. Sp,(C)).
o If we further assume that by = q, then we obtain that the series
n®n(a,b, X, ¢;2),...,04" (n®Pn(a,b,\,q;2)) with Kk = n — 1 (resp.
k=n—2, resp. kK = n — 1) are d-algebraically independent over

C(z).
Proof. The first point is a straightforward consequence of Theorems 2.1,
and 3.3. We conclude with Corollary 3.2. O

3.3. Irregular generalized Hypergeometric functions. In this subsec-
tion, we assume that n > s, n > 2. Let a = (ai,...,a,) € (®),
b=(b1,...,b) € (¢ \gM)*, A eCX 0 <[l < 1.
Theorem 3.5 (|[Roql2, Page 1]). Let G be the difference Galois group of
the g-difference system (3.3) over the o4-field C(z). For (i,7) € {1,...,n} x
{1,...,s}, let a;, B; € R such that a; = ¢* and b; = ¢% . Assume that for
all (i,5) € {1,...,n} x{1,...,s}, a; — Bj & Z, and that the algebraic group
generated by Diag(e?™1, ..., e?7™n) js connected. Then, G = GL,(C).
Corollary 3.6. Let G?, be the §-Galois group of the q-difference system (3.3)
over the field L. Assume that for all (i,j) € {1,...,n} x {1,...,s}, we have
ai—Bj ¢ Z, and that the algebraic group generated by Diag(e*™1, ... e%man)
is connected. Then, G° = GL,,(C). Furthermore, if by = q, then the series
n®s(a, 0,0, q;2), ..., 0, (n®s(a, b, N, q; 2)) are §-algebraically independent
over C(z).
Proof. Theorems 2.1 and 3.5 ensure that G¢ contains SLH(@). So, the group
G? is equal to GsSL,(C), where Gy € C* is the d-Galois group of the
n s+1
g-difference equation oqy = det(A)y = %y, and A is the matrix
associated to (3.3). It is easily seen that there do not exist c € C*, m € Z,
and f € C(z)* such that det(A) = cz_laq](cf). By [HS08, Corollary 3.4],
we deduce that Gy = C* and then G° = GL,(C). We conclude with
Corollary 3.2. O
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Part 2. g-difference relations for solutions of g-difference
equations

4. PARAMETRIZED DIFFERENCE (GALOIS THEORY

4.1. Difference algebra. We refer to [OW15| for more details on what
follows. By a (04, 0q)-ring, we mean a ring equipped with two commuting
endomorphisms o, and oq, such that o, is an automorphism. We do not
make any assumption on oq4. The definition of (o4, 0q)-fields, K-(o4, 0q)-
algebras for K a (04, 04)-field and (o4, 0q)-ideals are straightforward.

We say that a K-(o4,0q)-algebra R is oq-finitely generated if there ex-
ist ai,...,a, such that R is generated as K-algebra by the a;’s and their
transforms via 0q. We then write R = K{a,...,an}o,. We say that a
K-(04,0q)-field extension R is o4-finitely generated if there exist aq, ..., ay
such that R is generated as K-field extension by the a;’s and their transforms
via 0q. We then write R = K(a1,...,an)oq-

Let (k,o04) be a difference field. Let R be a k-o4-algebra. If R is a field,
we say that R is inversive if o4 is surjective on R. We call R o4-separable if
0q is injective on R @y k for every o4-field extension k/k.

The ring of og-polynomials in the differential indeterminates y1,...,yn
and with coefficients in (k,o0q), denoted by k{y1,...,¥n}oq, is the ring of
polynomials in the indeterminates {oq’y; |j € N, 1 < i < n} with coefficients
in k. Let R be a K-o4-algebra and let ai,...,a, € R. If there exists a
nonzero og-polynomial P € K{y1,...,yn}s, such that P(ai,...,a,) = 0,
then we say that a,...,a, are oq-algebraically dependent over K. Other-
wise, we say that ai, ..., a, are og-transcendental over K, or o4-algebraically
independent over K. Following [Bou03, A.V.141], we say that a zero char-
acteristic field extension §|k is a regular field extension if k is relatively
algebraically closed in k.

We would like to prove some lemmas about the extension of constants.

Lemma 4.1. Let F be a (04,0q)-field and let k = F° be the field of o4-

constants of F'. We assume that k is an inversive oq-field. Let k be a
reqular 0q -field extension of k considered as a field of 0q-constants. Then,

the ring ko F is an mtegml domain whose fraction field F is a (04, 0q)-field
extension of F such that Foa = k.

Proof. Since kisa regular_extension of k, the ring k ®k F is an integral
domain. Moreover since k is a og-separable oq-field extension of k by
[DVHW14b, Corollary A.14], the operator o4 is injective on k ®x F' and

thus extends to F.. The rest of the proof is essentially [DHR18, Lemma 2.3].
O

Lemma 4.2. Let F be a (04,0q)-field and let k = F° be the field of o4-

constants of F'. We assume that k is an inversive oq-field. Let Kk be a regqular
oq-field extension of k considered as a field of o4-constants. By Lemma 4.1,

we can consider the (o4, 0q)-field F = Frac(k @k F). Let A € GLn(F) and
let Vi (resp. Vi) be the solution space of o4(Y') = AY in F™ (resp. in F").
Then, Vﬂ = Vi ®k E
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Proof. Obviously, we have Vk®kﬁ C Vi. Let f € V be anon zero solution.
Set S = F ®k k. Let us consider

a={reS|rfesS}

Since o4(f) = Af, the ideal a is a non zero og-ideal of S. By [vdPS97,
Lemma 1.11], the ring S is o4-simple. Therefore 1 € a and f € S. Let
(e;)icr be a basis of k over k and let us write [ =2 icr fiei with f; € F.
Then, o4(f) = Af implies o4(f;) = Af;, which ends the proof. O

4.2. Parametrized Difference Galois theory. In this section, we study
the oq-algebraic relations satisfied by the solutions of g-difference equations
over C(z). We consider the subfield C(z*) = U;‘;l C(2'7) of the field
C((=") = Ui, C((2'7)). Let ¢ (resp. q) be a non zero complex num-
ber such that |g| # 1 (resp. |q| # 1). We choose a consistent system (g;);>1
(resp.(qj);>1) of roots of ¢ (resp. q); This allows us to extend the action
of o4 (resp. oq) to C((2*)) as in §2. Then, C(z*) is a (04, 0q)-subfield of
C((2*)) with C(2*)?? = C((z*))?s = C.

Given a (0g4,0q)-field K and A € GL,(K), the o4-Galois theory devel-
oped in [OW15] aims at understanding the algebraic relations between the
solutions of 04(Y) = AY and their successive transforms with respect to oq
from a Galoisian point of view. In this article, we will restrict ourselves to
the case where the base field is C(2*). In particular, our base field is an
inversive o, and oq-field, that is 04 and o, are automorphisms of C(z*). In
this part of the paper, the word parametrized refers to the parametric action
of the discrete operator o4 whereas in the first part, it was related to the
parametric action of the derivative. Therefore the word parametrized does
not refer to the same parametric action depending on the part of the paper.
Since the two parts are almost independent, this convention will not lead to
confusions. It will also avoid heavy terminology.

The following definition concerns the notion of “minimal ring of solution”
in the context of parametrized difference equations. It summarizes in our
context [OW15, Definitions 2.2, 2.6, 2.18 and Proposition 2.21].

Definition 4.3. Let A € GL,(C(z*)). A C(2*)-(04,0q)-pseudofield exten-
sion Qg, see Remark 4.4 below, is a (04, 0q)-Picard-Vessiot extension for
o4(Y) = AY over C(z*) if there exists a fundamental matrix U € GL,,(Qs)
such that o4(U) = AU, Qg = C(z*)(U)s, and Q' = C. The (oq,0q)-
algebra S = C(z*){U,#(U)}Uq is called (o4, 0q)-Picard-Vessiot ring for
o4(Y) = AY over C(z*). In particular, S is o4-simple, i.e., it has no proper
o4-ideal and Qg is the total ring of quotients of S.

Remark 4.4. In the above definition, the term pseudofield needs to be ex-
plained. We say that a o4,-ring L is a pseudofield if there exist orthogonal

idempotent elements ey, ..., e, such that
e L=Lei®Les®...P Le,,
o 04(€i) = €itimodr forany i =1,...,r,

o Le;isafield foranyi=1,...,r.
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Therefore, the notation Qg = C(2*)(U)s, is somehow abusive since
C(2*)(U)o, is not the og-field generated by U but the pseudofield gener-
ated by U and its transforms with respect to oq. Nonetheless, we prefer to
abuse notation rather than introducing one more complicated notation.

We have the following result:

Lemma 4.5. Let A € GL,(C(2*)) and let Qg be a (04, 0q)-Picard-Vessiot
extension for o4(Y') = AY over C(z*). If Qg is a field then C(z*) is relatively
algebraically closed in Qg.

Proof. Let g € Qg be algebraic over C(z*). Let U be a fun-
damental solution matrix such that Qg = C(2*)(U)s,- There ex-
ists [ € N* such that g € C(2*)(U,oq(U),...,04(U)). Since g
is algebraic over C(zY/!) for some t € N* and C(zY!) is a o,-field,
any transform o,'(g) for i € N* is algebraic over C(z!/!).  Since
C(zYN) (U, 04(U),...,04 (U)) is a finitely generated field extension, the rela-
tive algebraic closure of C(2'/%) inside C(2"/4)(U, 04(U), ..., 04" (U)) is finite.
Moreover, C(z'/4)(U,04q(U),...,04 (U)) is a o,field. This proves that the
o,-field extension C(z!/t) C (C(zl/t)<g)aq is finite. By [vdPS97, Proof of
Proposition 12.2|, there exists m € N* such that C(zl/t)<g>gq c C(z/tm).
This proves that C(z*) is relatively algebraically closed in Qg. O

The following proposition shows that, up to considering iterates of the
operators oq and oy, one can always reduce our study to the case where the
(04,0q)-Picard-Vessiot extension Qg is a field and the base field C(2*) is rel-
atively algebraically closed in Qg. This allows us to bypass some difficulties
in difference algebra, that are due to algebraic extensions.

Proposition 4.6. Let A € GL,(C(z*)) and let (u1,...,un) € (F*)" with
F a (04,0q)-field extension of K such that (ui,...,un)" is a solution of
o4(Y) =AY and F° =C.

(1) There exist positive integers r, s and a (04", 04°)-Picard- Vessiot extension
Ly for the system o,"(Y) = o,""Y(A) ... 04(A)AY over C(z*) that contains
UL, U, ..., Up, such that Ly is a field and C(z*) is relatively algebraically
closed in L.

(2) If A € GL,(C(z)) and G denotes the difference Galois group of
the system oq(Y) =AY over C(z), then the difference Galois group of
o (V) =0,"YHA)...00(A)AY over C(z*) coincides with the connected
component of G. It is therefore connected.

Proof. (1) Let us note that without loss of generality, we can assume that
F = C(2*)(u1,...,Un)sq. Since %4 = Cis algebraically closed and o4 is sur-
jective on C, there exists a (04, 0q)-Picard-Vessiot extension Qg = F(U)q,
for the system o,(Y) = AY over F' by [OWI15, Corollary 2.29]. Since
(u1,...,uy) € F™ we can assume that it is the first column of U. More-
over by [OW15, Lemma 2.11 and Proposition 2.21|, the endomorphism oq
is injective on Qg. Let e1,...,e, be the orthogonal idempotents relative
to the pseudofield structure of Qg as in Remark 4.4. It is easily seen that
o4 (e;) = e; for any i = 1,...,r. Moreover, since o4 is injective on Qg, it
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permutes the orthogonal idempotents e; so that there exists a positive in-
teger s dividing ! such that 04°(e;) = e; for any ¢ = 1,...,r. This proves
that Qg = K1 @ ... ® K, where K; = €;Qg is a (04", 04°)-field extension of
F. If we denote by 7 : Q¢ — Kj the projection of Qg on Kj, it is a surjec-
tive (04", 0¢")-morphism. Then, denoting Uy = n(U) € GL,(kK;), we find
that K1 = F(U1)o,s. Since Q¢ = C is algebraically closed, the elements
of Qg fixed by any iterates of o, are in C by [OW15, Remark 2.25] so that
Kfqr = C. To conclude note that Ly = C(2*)(U1)sqs C K1 is a (0", 04°)-
field extension of C(z*) that is oq°-generated by the entries of the funda-
mental solution matrix Uy of the system o,"(Y) = o," }(A)...0,(A)AY.
This proves that L, is a (04", 04°)-Picard-Vessiot extension that is a field.
Finally, we apply Lemma 4.5 to L4 replacing o, and o4 by their suitable
iterates.
(2) Since C(z*) is an algebraic extension of C(z), [Roql8, Theorem 7] implies
that the difference Galois group G’ of 04(Y) = AY over the o,-field C(2*)
has the same connected component as G. Let Qr = C(z*)(U;) C La.
By [OW15, Lemma 2.20| the field Qg is a Picard-Vessiot extension for
0" (Y) =0,"YA)...04(A)AY in the sense of §1.2.2. By [Roql8, Theo-
rem 12|, the Galois group H of o,"(Y) = o,/ 71 (A)...0,(A)AY over C(z*)
is a normal algebraic subgroup of G’ and the quotient G’/ H is finite. To con-
clude, we need to prove that H is connected. Let H® be its connected compo-
nent, the field QX" is a finite extension of C(2*) by the Galois correspondence
for difference Galois group [vdPS97, Theorem 1.29]. Since C(z*) is relatively
algebraically closed in the field L4, we find that Qr™° = C(z*)" = C(z*)
so that H° = H by applying the Galois correspondence again.

O

Unlike differential algebraic groups, a o4-algebraic group is not entirely
determined by its set of points in some difference closure. This comes es-
sentially from the fact that there are many new type of nilpotent elements
in difference algebra. For instance, any element b such that oq"(b) = 0.
This last equation implies b = 0 if and only if o4 is injective, which is not
necessarily the case in arbitrary oq-rings. The following example illustrates
the fact that one has to consider points of o4-algebraic groups in arbitrary
oq-rings and not only in oq-fields.

Example 4.7. Consider the following system of difference equations
(S1) = {y? =1} and (S2) = {y?> = 1 and 0q(y) = y} over C. We denote
by Vg, (R) (resp. Vg,(R)) the zeros of (S7) (resp. (S2)) in some C-o4-
algebra R. Then, Vg, (k) = Vg,(k) = {1, -1} for any o4-field extension k
of C. However, if we consider the ring of sequences (a,)nez € C% with the
action of o4 given by the shift operator, then Vg, (CZ) = {(an)nez|an =
lor — 1 foralln € Z} whereas Vg, (C?%) is the union of the constant se-
quence 1 and the constant sequence —1.

Therefore, we need to adopt the following functorial approach. We denote
by Algc -, the category of C-oq-algebras and by Sets the category of sets.

Definition 4.8 ([OW15], Definition 2.50). Let A € GL,(C(z*)) and let
Qs = C(2*)(U)s, be a 04-PV extension for o,(Y) = AY over C(z*). Set
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S = C(z*){U, 3zt Joq- Then, the oq-Galois group of Qg over C(z*) is

det(U)
defined as the functor:

Gal”#(Qg/C(2")) : Alge,, — Sets
B = Aut?e(S ®@c B/C(z*) @c B),

where, o, acts as the identity on B and Aut(®e79) (S @c B/C(z*) @c B) is
the group of automorphisms of S ®¢ B inducing the identity on C(z*) ®c B
and commuting with o4 and oy.

It is proved in [OW15, Lemma 2.51| that this functor is represented by
a finitely oq-generated C-oq-Hopf algebra C{Gal?@(Qg/C(2*))} (see Defi-
nition A.1). Therefore, Gal?(Qg/C(2")) is a oq-algebraic group (see Def-
inition A.2). For a brief introduction to oq- algebraic groups, we refer to
Section A. Any algebraic group G over C gives rise to a o4-algebraic group
G over C by Proposition A.5. We would like to recall that, since they are
not defined with respect to the same geometry, the o4-algebraic group G
should not be confused with the algebraic group G.

In the notation of Definition 4.8, if B is a C-o0q4-algebra, then the ma-
trix U ® 1 € GL, (S ®c B) is a fundamental matrix of solutions of o,(Y") =
AY in S ®c B. Then, for any ¢ € Gal’e(Qg/C(2*))(B), the matrix
#»(U ® 1) is also a fundamental matrix of solutions of o,(Y) = AY in
S ®@c B. Thus, there exists [¢]y € GL,((S ®c B)?) = GL,, ¢(B) such that
p(U®1)=(U®1)[¢]y. Here GLy ¢ is the oq-algebraic group correspond-
ing to the general linear algebraic group of size n over C (see Example A.4).

Proposition 4.9. The functor py :

Gal”(Qs/C(2")) = Glnc
¢ € Gal?a(Qs/C(2"))(B) — [¢lv € GLnc(B),

where B € Algc,, is a oq-closed embedding (see [DVHW14b, Definition
A3]).

Proof. The proof is the exact analogue of [DVHW14b, Proposition 2.5| and
its proof is between the lines of [OW15, Lemma 2.51]. O

This proposition allows to identify the o4-Galois group with a o4-subgroup
of GLy ¢ via the choice of a fundamental matrix of solutions U. Another
choice of fundamental matrix of solutions leads to a conjugate representation.
Therefore, Gal?e(Qg/C(2*)) is entirely determined by a oq-Hopf ideal J of

C{GLnc} = C{X, #(X)}Uq (see Example A.4). The elements of J are o4-

polynomials and we call them the defining equations of Gal?@(Qg/C(z*)) in
GLnc.

In o4-Galois theory, one has a complete Galois correspondence ([OW15,
Theorem 2.52 and Lemma 2.53]). We only recall the following results.
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Proposition 4.10. Let A € GL,(C(2*)) and let Qg be a (04, 0q4)-Picard-
Vessiot extension of oq(Y) = AY over C(z*). Then,

QCaI"s (9s/C() _

{z = g € Qs|VB € Alge ., Vg € Gal”a(Qs/C(="))(B),
grel).(s@1)=(rel).(¢(s®1))} =C(z%).

Moreover, we have oq-dim(Gal?d(Qg/C(z*))) = oq-trdeg(Qs/C(2*)) (for
precise definitions see [ DVHW14b, §A.7]).

The last equality means that the complexity of the defining equa-
tions of Gal?(Qg/C(z*)) corresponds precisely to the complexity of the
oq-difference algebraic relations satisfied by the solutions of the system
oq(Y) =AY in Qg.

The relation between the (o4, 0q)-Picard-Vessiot theory and the non
parametrized Picard-Vessiot theory as developed in [vdPS97] is explained
below.

Proposition 4.11. Let A € GL,(C(2*)) and let Qg be a oq-PV extension
of 04(Y) = AY over C(z*). Set R = C(2")[U, ﬁw)] C Qg and denote by
Or the total ring of quotients of R. The following holds:
e The C(z*)-04-algebra Qg is a Picard-Vessiot extension for
oq(Y) = AY over C(z*) as in §1.2.2;
e The oq-Galois group Gal?(Qg/C(2*)) is a Zariski dense subgroup
of Gal(Qr/C(z*)) (see Proposition A.5).

Proof. The first statement is [OW15, Lemma 2.20] and the second statement
is a discrete analogue of [DVHW14b, Proposition 2.15|. O

If the matrix A € GL,(C(z)) and the (o4, 0q)-Picard-Vessiot extension
Qg is a field, one can relate the difference Galois group of o,(Y) = AY over
C(z) and the difference Galois group of the system over C(z*) as follows.

Lemma 4.12. Let A € GL,(C(2)) and let Qg be a o4-PV extension of
oY) =AY over C(z*). If Qg is a field, then the difference Galois group
of o4(Y') = AY over C(z*) equals the connected component of the difference
Galois group of the system over C(z).

Proof. The proof is completely analogous to the last paragraph of the proof
of Proposition 4.6 and relies on the fact that C(z*) has no non trivial finite
o4-field extensions. O

4.3. Discrete Isomonodromy. In o4-Galois theory, one can define a no-
tion of discrete isomonodromy as follows.

Definition 4.13. Let A € GL,(C(2*)). The system o4,(Y) = AY is called
o4-isomonodromic if there exist B € GL,,(C(2*)) and d € N* such that

(4.1) 04(B)A = 04%(A)B.
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Remark 4.14. Our definition is slightly more general than in [OW15, Defini-
tion 2.54|, where og-isomonodromic means that there exists B € GL,(C(z*))
such that o4(B)A = 04q(A)B, i.e., d = 1 in our definition. However, we can
apply most of the results of [OW15] by replacing oq by oq?.

We have the following Galoisian interpretation of oq-isomonodromy. We
say that a oq-subgroup H C GLy x defined over a oq-field k is Jqd—constant
if, for all k-o4-algebras S, we have aqd(g) = g, for all ¢ € H(S). This
is equivalent to the fact that the defining ideal Jy C k{X, ﬁ(}()}gq of
H C GLyx contains the polynomial 04%(X) — X (see Example A.6).

Proposition 4.15. Let A € GL,(C(2*)) and let Qg be a oq-PV exten-
sion for o,(Y) = AY over C(z*). Assume that Qg is a field. The sys-
tem o4(Y) = AY is og-isomonodromic over C(z*) if and only if there ea-

ists a regular oq-field extension C of C and an integer d > 1 such that

Gal"‘l(QS/(‘,‘(Z*))@Jr is conjugated to a oq%-constant subgroup of GL, &

We refer to [OW15, Theorem 2.55] for an analogous result in a different
setting.

Note that, since C is a oq-inversive field, [DVHW14b, Corollary A.14|
implies that any field extension of C is o4-separable (see Section 4.1).

Before proving Proposition 4.15, we need an intermediate lemma about
extension of o,-constants. We have the following result:

Lemma 4.16. Let C be a oq-field extension of C and let Qg/C(z*) be a
Uq-Pfotension for o4(Y) = AY. By Lemma 4.{, we may consieiver (6(\2**/)
(resp. Qg) the (o4, 0q)-field attached to C(z*) @c C (resp. Qs @c C). Then
Qg is a (04,0q)-Picard-Vessiot extension for o4(Y) = AY over 6(7:6 and
the oq-Galois group G of QVS/((/:FZ*/) Zi obtained from the oq-Galois group G
of Qs/C(z") by base extension, i.e., G = Gg.

—~—0, —~

Proof of Lemma 4.16. As Qg * = C = C(z*) ", it is clear that Q5|C(z*) is
a (04,0q)-Picard-Vessiot extension. Let S C Qg, (resp. S c QNS), denotes
the corresponding (o4, 0q)-Picard-Vessiot ring. Then S is obtained from
S ®c C by localizing at the multiplicatively closed set of all non-zero divisors
of C(z*) ®c C. It follows that, for every (E—Uq—algebra B,

Gz(B) = Autl"s79)(S®¢ B|C(z*) ®c B)
= Aut(aa) ((S ®c C) ®z B|(C(2*) @c C) ® B),
1.€.,
Gz(B) = Aut"+79)(S @z B|C(2*) ®z B) = G(B).

This ends the proof. O

Proof of Proposition 4.15. In [OW15, Theorem 2.55], it is proved that if the
system is o4-isomonodromic then there exists a o4-field extension C of C and

"The subscript C means that we consider the base change of Gal?4(Qg/C(z")) over C
to C.
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an integer d > 1 such that Gal”(Qg/C(z*))z is conjugated to a oq”-constant

subgroup of GL & (see Remark 4.14). In the proof of [OW15, Theorem 2.55],
we note that any og-field extension C of C that contains a fundamental
matrix of solutions of a given equation of the form o4%(Y') = DY for some
given D € GL,(C) is convenient. We claim that we can find among these
extensions a regular one. Indeed consider C= C(Xo,...,Xq—1) where the
X,’s are n X n-matrices of indeterminate. We can endow C with a structure
of og-extension of C by setting oq(X;) = Xjy1 for i = 0,...,d — 1 and
0q(X4-1) = DXy. Then, Xg € GL,(C) is a solution of o4%(Xo) = DXp and
since C is a pure extension of C, it is also a regular extension.

Conversely, let us assume that there exists a regular o4-field extension C
of C and an integer d > 1 such that Gal’e(Qs/C(z"))g is conjugated to a

qu—constant subgroup of GL | z. Endow C with a structure of o4-constants

—_~—

field and consider the (o4, 0q)-fields Qg and C(z*) as in Lemma 4.16. We find
that the o4-Galois group of Qg over (E(\z*/) equals Gal”#(Qs/C(2%))z and is
thus conjugate to a Jqd—constant group over C. By [OW15, Theorem 2.55],
the system o4(Y) = AY is o4-isomonodromic over (6(;:*/), i.e., there exist
Be GLn(@*J)) and d € N* such that aq(f?) = aqd(A)éA_l. By Lemma

—~—nNXn

4.2, the solution space in C(z*) of the g-difference equation o,(Y) =
0q (A)Y A1 is generated as a C-vector space by the solution space of the
equation in C(z*)"*". Since the condition det(Y) # 0 is an open condition,
there exists B € GL,(C(z*)) such that o,(B) = 0q%(A)BA™! and the system
o4(Y) = AY is og-isomonodromic over C(z*). O

4.4. Transcendence results. Let A € GL,(C(z*)) and consider
(4.2) oY = AY.

Let Qg be a (04, 0q)-Picard-Vessiot extension of o,(Y) = AY over C(z*).
Let U € GL,,(Qs) be a fundamental matrix of solutions of the system (4.2),
and let Gal?1(Qg/C(2*)) be the o4-Galois group of Qg identified with a
oq-subgroup of GL,, ¢ via the faithful representation attached to the funda-
mental matrix of solutions U.

Let SLy,c (when n > 2), SOy ¢ (when n > 3) and Sp,, ¢ (when n is even)
be the o4-algebraic groups over C corresponding respectively to the special
linear group, the special orthogonal group and the symplectic group (see
Section A).

Proposition 4.17. Assume that n > 2. Assume that Qg is a field. Let
u = (u1,...,up) be a row (resp. column) vector of U. If there exists
Ce GL,(C) such that the image of the oq-Galois group by the represen-
tation pya associated to the fundamental matriz of solutions UC contains
® SLyc orSpy g, thenuy, ..., u, are oq-algebraically independent over
e SOnc, then any n — 1 distinct elements among the u;’s are oq-
algebraically independent over C(z*).
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Proof. The proof is a discrete analogue of the proof of Proposition 1.3. We
just explain the strategy of the proof in the SL, c-case to show where one
has to adapt the proof to the discrete parameter case. Let X = (X, j)1<i j<n
be oq-indeterminates Let J be the kernel of the unique morphism of K-
oq-algebras K{X, det }Uq — 8 =C(z ){U,m}gq such that X — U.
We denote by (z1,...,zn) = (X1,1,...,X1,) the first row of X. The o4-
algebraic relations With coefficients in (C(z*) between uy, ..., u, correspond
to the elements of J N K{x1,...,2,}0,. So everything amounts to prove
that 3 N K{z1,...,%n}sq, = {0}. In order to proving this, we will relate
J to the ideal defining the og-algebraic group Gal?e(Qg/C(2*)). Such a
relation follows from the fact that the o4-PV ring S is the coordinate ring
of a Gal?@(Qg/C(z*))-torsor over C(z*).

We shall now give the details of the proof, still in the SLy c-case. As
above, we let J be the kernel of the unique morphism of C(z*)-o4-algebras
o C(z"){X, det }Uq — S such that X — U and we denote by V the

oq-algebraic Varlety over C(z*) defined by J. On the other hand, we let
G be the image of Gal"q(QS/(C( *)) by the representation py, we let £ be
the o4-ideal of C{X, det }Uq of the equations of G and we let G be the

oq-algebraic variety over (C( *) defined by £; in other words, G is the oq-
algebraic group over C(z*) obtained from G by extension of scalars from C
to C(z*). Both V and G can be seen in GLy ¢(4+). The following map is
well-defined and makes V a G-torsor over C(z*), see [OW15, Lemmas 2.49
and 2.51]:

)% XK g —» VvV XK v

(v, M) — (v,uM).
The (04, 0q)-Picard-Vessiot extension Qg is a o4-field extension of C(z*).
The injection of S into Qg yields to a point of V(Qg). This proves that the

torsor V is trivial over Qg. There exists Zy € V(Qg) such that the oq-ideals
(J3) and (£) of Qs{X, ﬁm}g defining Vo, and Go satisfy

(3) = {P(Z5'X) | P € ()}

Since the image of Gal”@(Qg/C(z*)) by the representation p;,~ contains
SLn,c, we see that G contains H = CSLH,@(Z”_I( SLn (c)) Hence, (J) is
contained in the o4-ideal {det(X) — det(Zp)} of Qs{X, det }Uq generated
by det(X) — det(Zp) (see [Wib21, Example 6.21]).

We claim the equality of ideals

{det(X) — det(Zp)}oq N Qs{T1, ..., Zn}oq = {0}
Indeed, let us consider

P =P(X)=P(x1,...,7,) € {det(X) —det(Zo)} N Qs{w1,. .., Tn}oq-

Let K be any ogqg-field extension of Qg. For any non zero vector
(a1,...,an) € K"\ {(0,...,0)}, there exists a matrix A € M, (K) with first
row (ay,...,a,) such that det(A4) = det(Zp), so P(a1,...,an) = P(A) =0
because P € {det(X) — det(Zp)}s,- Therefore, P vanishes on
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K" \ {(0,...,0)} and, hence, P = 0 by [Lev06, Theorem 2.6.5]. We now
have the desired result because

INCE)Nz1, - Tntoq € ()N Qs{z1, ..., Tntogy
C {det(X) —det(Zo)}oq N Qs{z1,...,Tn}oq = {0}.
(]

5. @-DIFFERENCE EQUATIONS OF RANK ONE

We recall that ¢,q € C* with |q|,|q| # 1. From now, we assume that ¢
and q are multiplicatively independent, that is for any ¢,m € Z, ¢‘q™ =
1 =/¢=m = 0. In other words, log(q/q) ¢ Q. The goal of the section is to
compute the o4-Galois group of order one equation. For any a(z) € C(z),
we denote by diva(z) the divisor of a(z) on C*, i.e.,

diva(z) = Z va(a(2)) [a]
aeCx

where v, (a(2)) denotes the valuation of a(z) at . Let 7 : C* — C*/¢” be
X

the natural projection. For any a(z) € C(2)*, we set
divga(z) = ) va(a(2)) [r(a)].
aeCx

The proof of the following lemma is inspired by the proof of [vdPS97,
Lemma 2.1].

Lemma 5.1 (Lemme 3.5 in [Har08]). Consider a(z) € C(z)*. Then, the
following properties are equivalent:

(i) there exist ¢ € C*, m € 7Z and b(z) € C(z)* such that

_ ..,mblaz) .
a(z) =cz OR

(ii) divga(z) =0.
Proposition 5.2. Let a(z),b(z) € C(2)* be such that

a()0a(qz) - a(q’z) = b((m

b(2)

for some ko, ..., k. € Z with kok, # 0. Then, divqa(z) =0, i.e., in virtue

of Lemma 5.1, there exist c € C*, m € Z and bi(z) € C(2)* such that
m b1(qz
a(z) = cz %.

Proof. Assume to the contrary that divga(z) # 0. We set

divga(z) = n;[¢i]
=1

where the (; are pairwise distinct elements of C* /g% and the n; are non zero
integers. We have
(5.1)

0 = div, bb((q;)) = divya(2)*a(qz)" - - a(q"z)k = Z k; an ¢
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Let
I={ie{l,....m}|¢ed?Gl.

Let i1,...,is be pairwise distinct integers such that I = {i1,...,is}. Up to
renumbering, we can assume that

Gip <+ =< Gig

where, for any z,y € C*/q¢%, © < y means that y = q*z for some k € N*.
Then, we have q"(;, < q77¢;, for all j € {0,...,r} and k € {1,..., s} such
that (j, k) # (r,1). In particular, q~"¢;, # q 7¢; for all j € {0,...,r} and
i € I such that (j,4) # (r,i1) (indeed, if x < y then x # y because ¢ and g
are multiplicatively independent).

Moreover, for j € {0,...,r}and i € {1,...,m}\ I, q7"¢;, and q7¢; are
not in the same q%-orbit and hence are not equal.

So, we have proved that q~"(;, # q7¢; for all j € {0,...,r} and
i€ {1,...,m} such that (j,7) # (r,i1). Therefore, the coefficient of [q~"(;,]
in equation (5.1) is equal to 0, i.e., kyn;; = 0, whence a contradiction. [

The following proposition gives an example of 0¢-isomonodromic equation
of rank one.

Proposition 5.3. Let a(z) € C(2)*. Let Qg be a (04, 0q)-Picard-Vessiot
extension for o4(y) = a(z)y over C(z*). Let u € Qs be a non zero solution
of o4(y) = a(2)y. Let Qs = C(2*)(u)o,. Then, the following statements are
equivalent:

(1) w and all its transforms with respect to o4 are algebraically dependent

over C(z%),
(2) there exist ¢ € C*, m € Z and b(z) € C(z)* such that
a(z) = cz™ blgz)

b(2)
(3) the group Gal°d(Qg/C(z*)) can be embedded as a subgroup of
H C GLy ¢ with H a 04-algebraic subgroup defined by

oq (an(A)> _ Uq)(\A)}

Moreover, the following statements are equivalent:

(a) there exist c € C*and b(z) € C(2)* such that a(z) = M)
(b) the group Gal?@(Qg/C(z*)) is oq-constant.

H(B) = {)\ € GLy¢(B)

for any B € Alg(cygq,

Proof. Let us prove (1) = (2). Relying on the classification of the oq-
algebraic subgroups of GLq ¢, [OW15, Theorem 3.1| ensures that the first
statement is equivalent to the existence of b(z) € C(z)*, t € N and
ng,-..,Nt € Z not all zero, such that the following equation holds

(5.2) a(z)"oqg(a(z)™) - th(a(z)"f) _ ‘%é?g))'

Proposition 5.2 shows then that the first statement implies the second.
Let us prove (2) = (3). Assume that the second statement holds. By
|[OW15, Proposition 4.9], for any B € Algc,, and g € Gal”#(Qg/C(2))(B)
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there exists Ay € B* such that g(u) = A\g.u. Since a(z) = cz™ bb((qzz)), an easy

computation gives

oq (Jq(u) N > _ 0q(a)oq(u)o

u aq(b) auog(oqg

m Uq(u) Oq

Since Qgﬂ = C, there exists d € C such that we have the equal-

aq(u) gq(u)
ity Ung(z) ):daq}gh), ie., % € C(z*) and is left invariant by

the Jq—%}alois group.  This irrqiplies that for any B € Algc,, and

g € Gal?1(Qg/C(z*))(B), we find O'q(aq)gjg)) = Uq)(\;\g) and we deduce that
the 04-Galois group can be represented as a subgroup of H.

Let us prove (3) = (1). If the third statement holds, then
Gal?1(Qg/C(2*)) is a strict subgroup of GLy c. By Proposition 4.10, this
implies that u and all its transforms with respect to oq are algebraically
dependent over C(z*). This proves (1).

Let us prove (a) = (b). If there exist ¢ € C* and b(z) € C(z)* such

that a(z) = cbb((qzz)) then Uqa(a) = Uq,gh) where h(z) = Uqéé);)z)). Proposition
4.15 allows to conclude that the group Gal?@(Qg/C(2*)) is oq-constant. Let
us prove (b) = (a). If the group Gal’?(Qg/C(z*)) is o4-constant then u
and all its transforms with respect to o4 are algebraically dependent over

C(z*). By the above, there exist ¢ € C*, m € Z and b(z) € C(z)* such

that a(z) = czm%. However Proposition 4.15 states that there exists
h(z) € C(z*) such that oq(a)/a = o4(h)/h. An easy computation shows
that m = 0. O

6. DISCRETE PROJECTIVE ISOMONODROMY

The following proposition allows to characterize the o4-Galois group of a
g-difference system with large difference Galois group. The notion of large
difference Galois group will be made more precise in the proposition, that we
will apply later for the groups SL,,(C) (when n > 2), SO,,(C) (when n > 3)
and Sp,,(C) (when n is even).

Proposition 6.1. Let A € GL,(C(z)). Let G be the difference Galois group

of 04(Y) = AY over the og-field C(z*). Assume that its derived subgroup

G s an irreducible most simple algebraic subgroup of GLy,(C) and has

toric constant centralizer (see Definition A.15). Let Qg be a (04, 0q)-Picard-

Vessiot extension of oq(Y) = AY over C(z*) and assume that Qg is a field.
Then, we have the following alternative:

(1) there exist d € N* and a regular oq-field extension C of C such that
Gal?e(Qs/C(2%))z C GL,, & is conjugate to a oq-group H such that,
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for all B € Algg oo and g € H(B), there exists Ay € B* such that
qu(g) = )‘g.g;

(2) Gal?e(Qg/C(z*)) contains Gder ¢pe oq-algebraic group associated
to G see Proposition A.5.

Moreover, if the first case holds then there exist U e GLn(évS), with QVS the
fraction field of Qs ®c C, see Lemma 4.1, a fundamental matriz of solutions,

d € N* and B € GL,(C(2*)), with C(z*) the fraction field of C(z*) ®¢ C,
g € évsx, such that

(6.1) o (U) = gBU.

Remark 6.2. Since, we have assumed that the (04, 0q)-Picard-Vessiot exten-
sion is a field the difference Galois group G is connected by Lemma 4.12 and
C(z*) is relatively algebraically closed in Qg by Lemma 4.5.

Proof of Proposition 6.1. Since Gal?(Qg/C(2*)) is Zariski-dense in G, we
find that the derived group D(Gal’e(Qg/C(z*))) of Gal’e(Qg/C(z*))
is Zariski-dense in G9°* by Proposition A.13.  Since C(z*) is rela-
tively algebraically closed in Qg, straightforward analogues of [DVHW14a,
Lemma 6.3] and [DVHW14b, Proposition 4.3, (iii)] show that the oq-
algebraic group Gal’?(Qg/C(z*)) is absolutely oq-integral, see Defini-
tion A.8. By Lemma A.14, the oq4-algebraic group D(Gal’e(Qg/C(z*)))
is absolutely o4-integral. Since C is inversive for oq, Theorem A.10
implies the existence of a og-field extension C of C, such that either
D(Gal’e(Qg/C(2%)))z = Gder@ the base change of G9¥ to C or there
exists an integer d > 1 such that D(Gal”*(Qs/C(z*)))z is conjugate to
a Jqd—constant subgroup of Gder@. The group G%er is irreducible al-
most simple and has toric constant centralizer. Since D(Gal?@(Qs/C(2%)))z
is a normal subgroup of Gal”(Qg/C(2*))z, Lemma A.16 ensures that
Gal?e(Qg/C(2%))z either contains Gder@ or is conjugate to a og-algebraic
group H over C such that for all B € Alg@’aq and g € H(B) there exists
A\ € B* such that oq%(g) = \sg.

We shall prove that if the first case holds then there there exist
U e GLn(QNS) a fundamental matrix of solutions, a positive integer d and

B € GL,(C(2%)), g € Qs , such that
(6.2) o (U) = gBU.

Thus, let us assume that there exist a positive integer d and a oqg-

field extension C of C such that Gal?e(Qg/C(2%))z is conjugate to a
oq-group H such that, for all B € Alg@’gq and g € H(B), there exist
Ag € GLL@(B) such that oq%(g) = A\yg9. By Lemma 4.16, we construct a
(04, 0q)-Picard-Vessiot extension Qg for o4(Y) = AY over 6(\2/) such that
Gal”(Qg/C(2%))z = Gal"q(@tq/(a\z*/)). By Proposition 4.9, we can choose

U € GL,(Qgs), a fundamental matrix of solutions, such that for any ¢ €
Gal?a(Qg/C(2*))(B), we have o4 ([#]5) = Apl0]7 and Ag € GL1(B). Then,
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for any ¢ € Galaq(@/s/a\z*/))(B), we have gi)(aqd(ff).ﬁ_l) = A¢qu(ﬁ).ff—1.
Let g be a non-zero entry of oq?(U).U~L. Tt is easy to see that the matrix

B = Log!(0).0~" € GLy(Qs) is fixed by Gal®s(Qs/C(=)). By Proposi-

tion 4.10, B € GL,,(C(2%)). O

7. q-DIFFERENCE EQUATIONS WITH POWER SERIES SOLUTIONS

Let A € GL,(C(2)). We recall that ¢,q € C*, |¢|,|q| # 1, with ¢ and q
multiplicatively independant. Consider the g-difference system
(7.1) oq,(Y) = AY.
The aim of the present section is to study the o4-Galois group of (7.1) under
the following assumption.

Assumptions 7.1. Let G be the Galois group of (7.1) over C(z*) and let Qg
be a o4-Picard-Vessiot extension for (7.1) over C(z*). Assume that

(1) n>2.

(2) G is either SL,,(C), SO, (C) (when n > 3) or Sp,,(C) (when n is
even);

(3) there exists a non zero vector solution Yy = (uj,ug,...,u,)t €

(€)™

(4) Qg is a field and contains the entries of Y.

The study of the o4-Galois group will rely on the combination of two
arguments. The first arguments is the classification of Zariski dense oq4-
algebraic subgroups of almost simple algebraic groups, that essentially says
that one has a dichotomy: either the o4-Galois group is large or the solutions
of the system satisfy a linear o4-equation. The second argument is more
analytic and allows to conclude that the second case can not happen since
any power series vector Yp, solution of a o, and a oq4-linear equation is
rational. In contradiction with the simplicity of the difference Galois group.
The analytic argument is a rephrasing of Schéifke and Singer [SS16], see also
Bezivin and Boutabaa [BB92|, for an earlier result which is a little weaker,
i.e., it is assumed that |g|, |q| are multiplicatively independent.

Lemma 7.2. Let us consider a non zero vector u = (u1, ..., up)t with coeffi-
cients in C((2*))" such that o4(u) = Au for some A € GL,(C(2*)). Assume
moreover that each u; satisfies some nonzero linear q-difference equation with
coefficients in C(z*). Then, the u; actually belong to C(z*).

Proof of Lemma 7.2. One can find » € N* such that v € C((z'/7)),
A € GL,(C(2'/7)) and the oq-equation satisfied by the u;’s has coefficients
in (C(zl/T). Setting, = z!/" and replacing ¢ (resp. q) by ¢, (resp. by q,)
as defined in §4.2, we see that it is sufficient to prove the lemma for r = 1.
Since u = (uy,...,u,)" has coefficients in C((z))", and any entry of u
satisfies some nonzero linear g-difference equation with coefficients in C(z),
according to the cyclic vector lemma, there exists P € GL,,(C(z)) such that
Pu = (f,a4(f),...,0" L(f))! for some f € C((z)) which is a solution of a
nonzero linear g-difference equation, i.e., a o4-difference equation, of order n
with coefficients in C(z). Moreover, f satisfies a nonzero linear o4-equation
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with coefficients in C(z), because it is a C(z)-linear combination of the u; and
the u; themselves satisfy such equations. It follows from [SS16, Corollary 15|,
see also [BB92, Remark 7.5|, that f belongs to C(z). Hence, the entries of
uw= P 1 (Pu) = P Y(f,0,(f),....,00" 1 (f))! actually belong to C(z), as
expected. O

We now split our study depending whether the determinant of the oq4-
Galois group of (7.1) over C(z*) is a strict subgroup of GLq ¢ or not.
Since the latter is equal to the o4-Galois group of the order one equa-
tion o, = det(A)Y, following Proposition 5.3 it is a strict subgroup of
GL1 ¢ if and only if there exist b € C(2)*, ¢ € C* and m € Z such that

det(A) = ez™ blf(qz)) Let us first consider this situation in Theorem 7.3. See

Theorem 7.5 for the other case.

7.1. o4-algebraic determinant group. The goal of the subsection is to
prove:

Theorem 7.3. Assume that the hypothesis 7.1 holds and that there exist
be C(2)*, ce C*, and m € Z, such that det(A) = czmbb((qz)).
Then, the o4-Galois group Gal”@(Qg/C(z*)) contains GIe.

Proof of Theorem 7.3. Let Qg be a (04,0q)-Picard-vessiot extension of
04(Y) = AY over C(z*) as in Assumption 7.1. Since Yy = (u1,...,u,)" €
Qg, there exists a fundamental matrix of solutions U € GL,(Qg) whose
first column is precisely Yp. We let G denote the difference Galois group
of 04(Y) = AY over the field C(z*), and we let Gal?(Qg/C(2*)) be the
oq-Galois group over the (o4, 04)-field C(z*). By assumption, G%" is either
SL,(C) (when n > 2), SO, (C) (when n > 3) or Sp,,(C) (when n is even).
By Proposition 6.1, we have the following alternative:
(1) there exists a positive integer d and a regular (o4, 0¢)-field extension
C of C such that Gal”(Qg/C(2"))z is conjugate to a 0q%-constant
subgroup of G(‘é”;
(2) Gal”@(Qg/C(z*)) contains GIer.
Moreover, if the first case holds, then there exist Ue GLn(QNS), with QNS
the fraction field of Qg (X/)Q@ a fundamental matrix of solutions, a positive

integer d and B € GL,(C(z*)), with C(z*), g € QVSX, such that
(7.2) o (U) = gBU.
We claim that the first case can not hold. Suppose to the contrary

that there exists a regular oq-field extension C of C such that there ex-
ist U € GLy, (Qs) a fundamental matrix of solutions, a positive integer d,

B e GL,(C ( ) and g€ Qs , such that (7. 2) holds. This means that there
exists C' € GL, (QS *) = GL,(C) such that U = UC, and therefore
04 (U) = gBUCoq 4 (0).

P

This formula implies that the (finite dimensional) C(z*)(g)o,-vector space
generated by the entries of U is stable by O’qd. In particular, any u; (recall
that the u; are the entries of the first column Yj of U) satisfies a nonzero linear
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g-equation £;(y) with coefficients in C(2*)(g),,. We claim that C(2*)(g)o, =
C(z*)(g). Indeed, we have oqd(ﬁ) = gBU and aq(ﬁ) — AU. Thus,

. <aqd(det~(z7))> _ <Jqd(0q detM(ﬁ)))

det (D)) oo (det (D))
) (aqd(det(A))) oql(det(T)) _ [oa'(c" )\ oql(det(D))
det(A) det(U) cz™ bb((qzz)) det(U)
Tt o et D) naalh) o (det(D)
% det(U) h det(D)

where h(z) = %. Using qu(det(ﬁ)) = g" det(B) det(U) in the equal-
ity

det(U)

i g’ (det (D)) :qmdaq(h)aqd(det(ﬁ))
1 h det(U)

allows us to deduce that o, (¢"det(B)) = qmdaqT(h)g” det(B). Thus,
we have o,(g"l) = q™¥¢g"™ with [ = det(B)/h € (6(;*/) Hence we have
04(0q(g™)) = q™loq(g™). Therefore, there exists ¢ € C* such that
oq(g"l) = cg™l. Then (UQ‘T(g))n € 6(?:5 As we may see in the proof
of Proposition 6.1, Gal’@(Qg/C(2*)) is absolutely oq-integral. By Defini-

tion A8, it follows that Gal”(Qg/C(2")) = Gal?a(Qg/C(*))z is absolutely
og-integral too. By [DVHW14b, Proposition 4.3, (iii)], the field extension

C(z*) C Qg is oq-regular in the sense of [DVHW14b, Definition 4.1]. In
particular it is a regular extension and since we are in characteristic zero,

[Bou03, Proposition in A.V.143| proves that C(z*) is relatively algebraically

—_—~—

closed in Qg. Thus, 22 ¢ C(z*) and C(2*){(g)sq = C(2*)(g). We claim

g

that any wu; satisfies a nonzero linear g-equation with coefficients in C(z*).

—_~ e~ /Y~

If g € Qg is algebraic over C(z*) then g € C(z*), because C(z*) is relatively
algebraically closed in Qg. In that case, the claim is obvious. Thus, let us

assume that g is transcendental over C(z*). If m = 0 then o4(¢") = g™l and

thus g" € C(2*). A contradiction with g transcendental over C(z*). Let us
write the equation £;(y) = 0 as 3°7_ L;,j(y)g’ = 0 where the £; ;(y) are lin-

P

ear og-operators with coefficients in C(z*), not all zero. To prove our claim,

—_——

it is sufficient to show that g is transcendental over C(2*){u1, ..., Un}oq- It

is also sufficient to prove that g" is transcendental over C(z*){u1, ..., Un}oq-
Assume that there exists a non zero relation

(7.3) > arg™ =0,
k=0
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where k > 1 and ag,...,ak-1,ax = 1 € C(2*)(u1,...,Un)o, and £ is min-
imal. We recall that o,(¢g") = ¢"q™%/o,(l). Applying o, to (7.3) and
subtracting g% aql(?ﬂ)* (7.3), we find a smaller liaison of the form

k—1

Z(O_q(ak/lkﬁ%) o qmd(nfk)ak/lkfﬁ)gnk = 0.

k=0
Thus, for all k = 0,...,k — 1, we have o (ay/IF7") — qmAE=k) g, /=R = 0.
Let us state and prove a technical lemma.

Lemma 7.4. Let us fix v € N*. Then, the equation o,(y) = g™y has no

—_——

non zero solution in C(2*)(u1,. .., Un)oy-
Proof of Lemma 7.4. We have 6(;*/)@1, e Un)og C C/((\z*/)), the fraction
field of C ®¢ C((2*)). Suppose to the contrary that the equation has a non

zero solution in C((2)). Once again, replacing ¢ and q by some suitable
roots, it suffices to prove Lemma 7.4 in the case where the variable z is non
ramified.

By Lemma 4.2, we can find a non zero solution f in C((z)) Let
=502, yez* with y,, # 0 a non zero solution of o,(y) = q™¥y. Taking the

2V coefficients of the two sides of o,(y) = g™y, we find o4 (y,)q" = g™y,
Since y, € C,

yqu — qmdryl/.

With ¢ and q are multiplicatively independent, one should have
v =mdr = 0. We recall that m # 0, so mdr # 0. Consequently, we find a
contradiction and this proves that the equation o4(y) = q™%y has no non

e~

zero solution in C(z*){(u1,...,Un)oq- O

Let us finish the proof of Theorem 7.3. In virtue of Lemma 7.4, for all

k€ {0,...,k—1}, the equation o4(y) = qmd(“*k)y has no non zero solution
in C(2*){u1,...,Un}o,.- Hence, g"" = 0. This is a contradiction with the

fact that g is transcendental over C(z*) and proves our claim.

—_—~—

Therefore, the u; satisfy a non zero linear oq-equation over C(z*). Since
C is algebraically closed and u; € C((2*)), a descent argument shows that
the w; satisfy a non zero linear oq-equation over C(z*).

It follows from Lemma 7.2 that the u; belong to C(z*). Hence, the first
column of U is fixed by the Galois group G and this contradicts the hypoth-
esis 7.1, second point. Therefore, Gal’e(Qg/C(2*)) contains G9er.

O

7.2. oq-transcendental determinant. Let us recall that the o4-Galois
group of o4(y) = det(A)y over C(z*) is a strict subgroup of the multiplicative
group GLq ¢ if and only if there exist b € C(2)*, m € Z, and ¢ € C*, such
that det(A) = cz™ bb((qzz)).

The goal of the subsection is to prove:

Theorem 7.5. Assume that the hypothesis 7.1 holds and the oq-Galois
group of o4(y) = det(A)y over C(z*) equals GLy c. Recall that the vector
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Yo = (u1,ug, ... un)t € (C((2%)))"™ is a non zero vector solution of (7.1).
Then, at least one of the u; is oq-transcendental over C(z*).

We start by a technical lemma.

Lemma 7.6. Let L be a oq4-field and let L{a)s, and L{by,...,by)s, be two
oq-field extensions of L, both contained in a same oq-field extension of L.
Assume that a is ogq-transcendental over L and that any b; is 0q-algebraic
over L. Then, the field extensions L{a)s, and L(bi,...,bn)s, are linearly
disjoint over L.

Proof of Lemma 7.6. To the contrary, suppose that L{a),, and
L(b1,...,bn)o, are not linearly disjoint over L. Then a is o4-algebraic over
L(b1,...,bn)o,- This implies that the o4-transcendence degree of the field
L{a,bi,...,by)oq over L{by,...,bn)o, is zero. Since the og-transcendence
degree of L(b1,...,by)s, over L is also zero, by hypothesis, we find that

the o4-transcendence degree of L{a, b1,...,by)o, Over L is zero by classical
properties of the transcendence degree. This implies that a is o4-algebraic
over L and yields a contradiction. O

Proof of Theorem 7.5. We let G denotes the difference Galois group of
o4(Y) = AY over the field C(z*), and we let Gal?1(Qg/C(z*)) denote its
oq-Galois group over the (o4, 0q)-field C(2*). By assumption, the o4-Galois
group of o4(y) = det(A)y over C(z*) equals GL1 c.

We claim that at least one of the u; is o4-transcendental over C(z*). Sup-
pose to the contrary that all of them are oq-algebraic. In virtue of the results
of Section 4.4, the second case of Proposition 6.1 can not hold. Then, there
exist a regular o4-field extension Cof Cand U € GL (QS) a fundamental

matrix of solutions, a positive integer d, g € Qs , and B € GL,(C(z%)),
such that

o (U) = gBU.
But U = UC, for some C € GLn(éVgaq) = GL,(C). Therefore,
(7.4) 04 (U) = gBUCaq~(C).

This shows that the C(z)(g)o,-vector subspace of Qg generated by the en-
tries of U and all their successive o4-transforms is of finite dimension. In
particular, any u; satisfies a nonzero linear oq-equation £;(y) = 0 with co-

efficients in C(2)(g)s,. We can assume that the coefficients of L;(y) belong
to (C( NYoq- We write Li(y) = >, Lia(y)ga Where L;o(y) is a linear

oq-operator with coefficients in C(2*), and g, is a monomial in the o4'(g)’s.
We recall that the o4-Galois group of o,(y) = det(A)y over C(z*) equals
GLj c. In virtue of Proposition 5.3, det(U) is o4-transcendental over C(z*).

With (7.4), ¢" = A%%U)) for some non zero A € C(z*). Thus, g is

oq-transcendental over C(z*).

By Lemma 7.6, the oq-fields @(g)aq and @6@1, oy Un)og are lin-
early disjoint over 6(\2*/) Since u; satisfies a nonzero linear oq-equation
L;(y) = 0 with coefficients in 6(\,_2/) (9)oq it follows that there exists some
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non zero L; o(y) such that L; o(u;) = 0. Therefore, the element u; satisfies

a non zero linear o4-equation over C(z*). Since C is algebraically closed
and u; € C((z*)), a descent argument shows that the element w; satisfies a
non zero linear oq-equation over C(z*). It follows from Lemma 7.2 that the
element u; belongs to C(z*). Hence, the first column of U is fixed by the
difference Galois group G and this contradicts the hypothesis 7.1. O

8. APPLICATIONS

8.1. User friendly criteria for o4-transcendence. The goal of this sub-
section is to use the results of Section 7 in order to give transcendence cri-
terias. We refer to Section 7 for the notations used in this section.

Corollary 8.1. Let A € GL,,(C(z)) and let G be the difference Galois group
of the q-difference system oq(Y) = AY over the o4-field C(z). Assume that
one of the following holds

o 1> 2 and GO = SL,(C);

e n>3 and G>%" = S0,(C);

e n is even and G*%" = Sp, (C).

Assume that Yy = (ug,ug, ..., up)t € (C((2%)))" is a non zero vector solu-
tion of 04(Y') = AY . Then, at least one of the u; is oq-transcendental over

C(z).

Proof. We first make the following simple remark. Given a o4-field ex-
tension K C L and f € L. If f is o4°-transcendental over K then
f is og-transcendental over K. Indeed if f were oq4-algebraic over K
then the transcendence degree of K(f),, over K would be finite. Since
K C K(f)oqs C K(f)oy, the transcendence degree of K(f)y,s over K would
be finite and f would be o4®-algebraic over K. A contradiction.

Then, it suffices to prove that at least one of the u; is 0q°-transcendental
over K for some positive integer s. Since C((z*))?? = C, Proposition 4.6
proves that there exist some positive integer r,s and a (04", 04°)-Picard-
Vessiot extension Qg for the system o,"(Y) = 0,71 (A)...0,(A)AY = A, Y
over C(z*) such that
Qg is a field;

C(z*) is relatively algebraically closed in Qg;

Yy € Qg is a solution vector of 0,"(Y) = A,Y;

the difference Galois group of o,"(Y) = A,Y over C(z*) equals the
connected component of G.

Replacing ¢ (resp. q) by ¢" (resp. by q°), one can apply Theorems 7.3
and 7.5 to conclude that at least one of the u; is o4°-transcendental over
C(z*) and thereby oq-transcendental by the above remark. O

Similarly, we may prove the following:
Corollary 8.2. Let G be the difference Galois group of the q-difference sys-
tem (3.2) over the o4-field C(z). Assume that one of the following holds

e n>2 and G*%" = SL,(C);
e n >3 and G>%" = S0, (C);
e n is even and G*%*" = Sp, (C).
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Let us assume that (3.1) admits a non zero solution g € C((z*)). Then, g(z)
is og-transcendental over C(z*).

Proof. We apply Corollary 8.1 to the vector (ug,...,u,) € C(z*)" with
u; = 0,71(g). To conclude, we just note that, since C(z*) is an inversive
o4-field, the element w; is og-transcendental over C(z*) if and only if g is
oq-transcendental over C(z*). O

8.2. Hypergeometric series. In this section, we follow the notations of
Section 3.2. We assume that 0 < |¢| < 1. Let us fix n > 2, let us consider
a = (alu"'van) S (QQ)n) b: (bla"'ubn) S (q@\q_N)na bl =4dq, A S (CX'

Corollary 8.3. Let us assume that (3.3) is irreducible and not q-Kummer
induced. Then ,®y(a,b, A, q; ) is og-transcendental over C(z*).

Proof. The conclusion is a direct application of Theorem 3.3 and Corol-
lary 8.2. O

We follow the notations of Section 3.3. We assume that 0 < |g| < 1, n > s,

n>2 Leta=(ay...,an) € ()" b= (b1,...,bs) € (®\q¢ M) by =gq,
A e C*, 0< gl <1 and consider (3.3).
Corollary 8.4. For (i,5) € {1,...,n} x {1,...,s}, let oy, Bj € R such that
ai = q% and b; = ¢%. Assume that for all (i,j) € {1,...,n} x {1,...,s},
ai—B;j ¢ Z, and that the algebraic group generated by Diag(e*™ 1, ... e%mon)
is connected. Then, ,®s(a,b, A, q; 2) is oq-transcendental over C(z*).

ey

Proof. The conclusion is a direct application of Theorem 3.5 and Corol-
lary 8.2. U

APPENDIX A. DIFFERENCE ALGEBRAIC GROUPS

Let (k,0q) be a difference field. We denote by Algy 5, the category of
k-o4-algebras and by Groups the category of groups. We stress out the
fact that we do not require oq to be an automorphism of k, but only an
endomorphism of k.

Definition A.1. A k-o4-Hopf algebra R is a k-Hopf-algebra, endowed with
a structure of k-og-algebra, whose structural maps are oq-morphisms. A
oq-Hopf ideal of R is a Hopf ideal, which is stable under the action of og.

We define a o4-algebraic group over k as follows.

Definition A.2. A functor H from the category Alglwq to the category of
Groups representable by a oq-finitely generated k-oq-Hopf algebra k{H} is
called a oq-algebraic group. A o4-subgroup G of H is a 0q4-algebraic group
over k such that G(B) C H(B) for all B € Algy, . It corresponds to a
oq-Hopf ideal Ty of k{G} such that k{H} = k{G}/Tp.

Remark A.3. We adopt the following convention: if GG is an algebraic group
over k, we denote by k[G] its associated Hopf algebra.

The theory of o4-algebraic groups and schemes was initiated by Wibmer
(see for instance [Wib21]|). Many of the terminology for o4-algebraic schemes
is borrowed from the usual terminology of schemes, by adding a straightfor-
ward compatibility with the difference operator o4. In order to avoid too
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many definitions, we chose to refer often to [DVHW14b|. However, one has
to take care that the oq-geometry is more subtle, even in the affine case,
than the algebraic geometry.

Ervample A.4. Let k{X},, be the k-04-algebra of polynomials in the n x n-
matrix X of og-indeterminates. Localizing k{X },, with respect to det(X),
we find the k-o4-Hopf algebra k{X, ﬁ(x)}gq,that corresponds to the oq-
algebraic group attached to the general linear group GLy, k.

The following proposition shows the connection between algebraic groups
over k and o4-algebraic groups.

Proposition A.5 (§A.4 and §A.5 in [DVHWI14b|). Let G be an algebraic
group over k represented by the finitely generated k-Hopf algebra k[G]. Let

H be a 04-algebraic group represented by the oq-finitely generated k-oq-Hopf
algebra k{H}. The following holds.

Algy s, — Sets

B —  G(BY)
lying k-algebra of B, is representable by a o4-finitely generated k-o4-
Hopf algebra. We call G the oq-algebraic group attached to G.

Alg, — Sets

B — Homay, (k{H}#,B) -

o The group functor , with B¥ the under-

o We denote by H¥ the functor

Then,
Hom(H?,G) ~ Hom(H, G).
o Assume that H is a oq-subgroup of G. The smallest algebraic group
H over k such that H* — G factors through H — G is called the
Zariski closure of H in G.

Ezample A.6. Any og-subgroup H of GL,  is entirely determined by a oq-
Hopfideal Ty C k{X, #(X)}J o The Zariski closure of H in GLy, i is defined

by the Hopf ideal Iy Nk[X, ﬁ(}()]

Definition A.7. Let G be a o4-algebraic group over k and let k be a

oq-field extension of k. The base extension of G to k is the functor

Algr —  Sets
y0q

B — G(B)

by the k-o4-Hopf algebra k{G} @y k.

, where B is viewed as k-oq-algebra. It is represented

This allows us to define the oq-analogue of the notion of irreducibility.

Definition A.8 (Definition 4.2 and Lemma A.13 in [DVHW14b)|). Let G be
a oq-algebraic group over k. Let k be an algebraically closed, inversive field
extension of k. We say that G is absolutely o4-integral if E{G}, the o4-Hopf
algebra k{G} of Gy is a 0g-domain, i.e., k{G} is an integral domain and 0q
is injective on k{G}.

Lemma A.9. Let G and H be absolutely oq-integral oq-algebraic groups

over k. Then, the product G x H 1is absolutely oq-integral.

Proof. Since the product commutes with base extension, we can directly
assume that k is inversive and algebraically closed. Thus k{G} and k{H}
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are oq-domains. This means for instance that k{H} can be embedded in a
oq-field L. Then, k{G} @k k{H} embeds as oq-ring in k{G} ®y L. Since k
is inversive and algebraically closed, [DVHW14b, Lemma A.13] shows that
k{G} is og-regular, i.e., k{G} @ Kk’ is a 0q-domain for all oq-field extension
k' of k. Thus k{G}®L is a 04-domain and the same holds for k{G}@k{H } =
k{G x H}. This ends the proof. O

We would like to classify some oq-subgroups of GL, k. First, we state
a fundamental classification theorem, which is a oq-analogue of a result of
Cassidy.

Theorem A.10 (Theorem A.25 in [DVHW14al). Let k be an algebraically
closed, inversive oq-field of characteristic zero and let G be a og4-integral, oq-
algebraic subgroup of GLyx. Assume that the Zariski closure of G in GLy x
is an absolutely almost simple algebraic group, properly containing G. Then
there exist a oq-field extension k of k and an integer d > 1 such that G is

.e., there exists P € GLy, (k)

conjugate to a oq?-constant subgroup of GL ¢,

such that
PGPY(B) C {g € GL,;(B)|oq"(9) = ¢}
for all B € Alg; oq

We also have to consider the derived group. In analogy with [Wat79,
§10.1], we define the derived group of a o4-algebraic group as follows.

Definition A.11. Let G be a o4-algebraic group defined over k and let k{G}
be its oq-Hopf algebra. For any n € N, we define a natural transformation
¢n from G?" to G as follows. For all B € Algy o, and @1, .., Tn, Y1, .-, Yn €
G(B)*, we set

1 -1 —1, -1
On(T1, o Ty YL, e Yn) = TIYIT] Yy - TnYnTy Yp -

Let ¢nc : k{G} — ®>"k{G} be the corresponding dual map by Yoneda.
Its kernel will be denoted by 7, . We will also use the notations ¢, and
J, for ¥, ¢ and J, ¢ respectively if no confusion is likely to arise. Let
Ip@) = NnenIn. Then Jpg) is a oq-Hopf ideal of k{G'} and we defined
the derived group D(G) as the oq-algebraic subgroup of G represented by
k{G}/Ipc)-

Proof. Let A denote the co-multiplication map of k{G}. Then, it is clear
that A(J2,) C J, ® J, since multiplying two products of n commutators
yields a product of 2n commutators. This shows that Jp(g) is an Hopf ideal.
For all n € N, the map 1, is a og-morphism so that J,, is a oq-ideal. This
proves that Jp(g) is a og-ideal. (]

Lemma A.12. For any oq-algebraic group G over k and any oq-field ex-

tension k of k, we have D(Gg) = D(G)g

Proof. The definition of Jp(g) commutes with base extension. (]
Proposition A.13. Let H be an algebraic group over k and let G C H be

a Zariski dense oq-algebraic subgroup of H. Then, D(G) is a Zariski dense
subgroup of D(H).
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Proof. Let k{H} be the o4-Hopf algebra of the o4-algebraic group H at-
tached to H as in Proposition A.5. Then, k[H] is a sub-Hopf algebra of
k{H}. This means, in the notation above, that 1, : k[H] — ®2?"k[H] is the
restriction of ¢y, i : k{H} — @*"k{H}. Thus, if Ipy) C k[H] denotes the
Hopf ideal of D(H) in H, then Jpy) Nk[H| = Ip(gy). Since G is Zariski
dense in H, the o4-algebraic group G" is Zariski dense in H" for any positive
integer n. For all n € N* | we denote by Jgn the defining ideal of G™ in H".
By the above, one has

Jan N E[H™] = Jgn N @"E[H] = {0}.

We denote by m, : k{H"} — k{G"} the surjective morphism of oq-Hopf
algebras whose kernel is Jg». Since the applications 1, ¢ and 1, g are
constructed using comultiplication and co-inverse, one finds a commutative
diagram of morphisms of o4-Hopf algebras

1

k{H} kG

ld)n,H ld)n,G

@2 {H} "> @2k {G}

Let Jp(g) be the defining ideal of D(G) in H, i.e., m1~*(Ip(g)). To prove
that D(G) is Zariski dense in D(H ), we need to show that

JIpq) NE[H] = Ipw) Nk[H] = Ipm.

Let z € Jpg). For any n € N*, we have 72, 0 iy g(x) = 0 = ¢ g o m1(7)
so that m(x) € Jp ¢ and x € Jp(g). Thus,

jD(H) Nk[H] C 3@(@) NEk[H].

Conversely, let x € Jpg) N Kk[H]. Then, v, g om(r) = 0 = 72y, 0 Yy m(7)
so that ¢, g(z) € Ker(ma,) = Jg2n. Since x € k[H], we conclude that
Yo () € k[H*] N Jgen = {0}. Thus, z € J, g for any n so that = €
Jpe) N k[H]. This ends the proof. O

Lemma A.14. The derived group of an absolutely oq-integral oq-algebraic
group G over k is absolutely oq-integral.

Proof. Since by Lemma A.12, the formation of the derived group commutes
with base extension. We can assume that k is algebraically closed and inver-
sive. Since the k-oq-Hopf algebra of D(G) is k{G}/JIp(q), the group D(G)
is absolutely oq-integral if and only if Jp(q) is og-prime, i.e., prime and such
that oq(a) € Jp(g) implies a € Tp(g). By Lemma A.9, we find that for all
n € N, the group G?" is absolutely oq-integral. This means that k{G*"}
is a 0q-domain for all n € N. Since J, is the kernel of the oq-morphism
¥« k{G} — k{G?"}, the ideal J,, is ogq-prime for all n € N. This implies
that Jp(g) is og-prime. O

Definition A.15. Let (k,04) be a oqg-field and let G C GLy, x be an alge-

braic group defined over k. Let d € N*. We consider the o4-subgroup Goa*
d

of G defined by G7"(B) = {g € G(B)|oq(9) = g} for any B € Algy,._.

We say that G has a toric constant centralizer if, for any d € N*, for any
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B € Algy ., the following holds: if h € GL;,k(B) centralizes G7a"(B) then
h = A\, for some A € B*.

Lemma A.16. Let (k,0q) be a oq-field and let G C GLyx be an algebraic
group defined over k. Assume that G has toric constant centralizer. Let H
be a oq-subgroup of GLyx such that G’ is a normal subgroup of H, i.e.
G"qd(B) is a normal subgroup of H(B) for all B € Algy ,_ . Then, for all
B € Algy . and g € H(B) there exists Ay € B* such that 0q?(g) = \gg.

Proof of Lemma A.16. If g normalizes G"qd(B), for some d € N*, then
0q%(g)g™" centralizes G7a"(B). By assumption, we conclude that oq?(g)g™?

is a scalar matrix.

Lemma A.17. Let (k,0q) be a o4-field. The algebraic groups SLy x (when
n>2), SOnk (whenn > 3) and Spn x (when n is even) have toric constant
centralizer.

Proof. The algebraic groups SLy x (when n > 2), SOy k (when n > 3) and
Spnk (When n is even) are absolutely almost simple algebraic group. Let
d € N* and let B € Algy .
Let us consider SLyx with n > 2. Let M € GL, x(B) that centralizes
d
SL;* (B). For i # j, the matrices X;; = I, + E;j, where E; ; are ma-
trices with zeros at every entry except 1 at row ¢ and column j, belong to
d
SL’3 (B) for all B € Algy 5, Consequently, for all ¢ # j, B € Algy ;.
MX;; = X; ;M. This shows that M = A1, for some A € B*.
Let us consider SOy x with n > 3. Let M € GL,x(B) that central-
d
izes SOp® (B). Forall 1 < i < j <n, B € Algy, , MN;; = Ni;M,
where N;; is the diagonal matrix with 1 entry, except the diagonal en-

tries ¢ and j that are equal to —1. It follows that M is diagonal. To

conclude that M = AI, for some A € B>, we consider the commutation

with Pl = Dlag (IZ, (_01 (1)) 7I’I’Li2>7 /) <n-— 2.

Let us consider Spy x with n even. Let M € GL, k(B) that centralizes
Spa”(B). For all N € SL%%, , (B), Diag(N, (N~1)!) € Sp™ (B). Then, for

n/2,k
all N € SL;’;;; «(B), we have MDiag(N, (N~1)") = Diag(N, (N~1)")M. Let

M = <%; %;3, M, ; are n/2 times n/2 matrices. From the commu-
tation relation we obtain M; 1N = NM; ;. Using the fact that SLy /o has
toric constant centralizer, we conclude that M1 = Al,,/; for some A € B*.
Similarly, we find that My 2 = ul,, /5 for some p € B*. Then, MN = NM

with N = <I76/2 %"/2> € szqu(B). We obtain My = 0. Similarly with
n/2 ’

N — <IN/2 0 ) c szq:(B), we obtain Mj > = 0. Finally, with the com-
In/2 In/2 ’

mutation of M with N = 0 Lupo € Spoq:, we find M = M, for
_In/2 0 ,

some \ € B*. O
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APPENDIX B. CONVERGENT POWER SERIES SOLUTION OF ¢-DIFFERENCE
EQUATION

Let K = C({z}) be the field of fraction of the ring of convergent power
series C{z}.

Let A € GL,,(K). In [Sau04], the author attaches to a g-difference system
o4(Y) = AY, a Newton polygon N(A). The slopes of the non-vertical half-
lines defining the border of N(A) are called the slopes of the Newton polygon
and ranked in decreasing order as follows S(A) := {u1 > p2--- > p} C Q.
The Newton polygon and the slopes of the g-difference system are in-
variant under formal gauge transforms, i.e., S(A) = S(oy(P)AP™!) and
N(A) = N(og(P)AP™!) for any P € GL,(K). The slopes induces a fil-
tration of the g¢-difference module associated to the g¢-difference system
04(Y) = AY. One has the following proposition:

Proposition B.1 (|[RSZ13|, §3.3). Let A € GL,(K) and let S(A) := {p1 >
pa -+ > ppt be its set of slopes. Assume that S(A) C Z. Then, there ex-
ist P € GL,(K), A1,... A, some invertible constant matrices and U; ; some
matrices with coefficients in K such that

zTHTAL Ul,r
0
: ZzTHA; Uzy
Uq(P)AP_l = : 0
z “jAJ‘
: 0 - :
0 0 z7MA,

Lemma B.2. Let A € GL,(K).We let | to be the least common multiple
of the denominators of the slopes S(A) = {p1 > pa--- > puy} of A. Then,
there exist an integer r and a compler number ¢ € C* such that the sys-
tem o,(Y) = cz"/*AY has a non zero wvector solution Yo € C({zY*}))". If
S(A) C Z, we may further assume that Yy € K™ N Mer(C*). Moreover if A
is fuchsian, i.e., S(A) = {0}, one can choose r to be 0.

Proof. Assume first that S(A) C Z. We know, by Proposition B.1, one can
find P € GL,(K) and A;, ... A, some invertible constant matrices such that
(B.1)

zTMA Uiy
0 .
: 2 M A, Ui
og(P)AP™! = : 0
Z7HIA;
: 0 . :
0 0 z7HA,

One can also assume, up to multiply P by a constant matrix, that A; is
upper triangular. We let d € C* be the coefficient on the first row and
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column of A;. An easy computation shows that the vector Zy :=
0

is a solution of the system o4(Z) = %Uq(P)AP_lZ. Then, the vector
Yy := P71Z, € K" is a non zero solution of the system o,(Y) = %AY.
Moreover, one can show, using the fact that o,(Yp) = %AYO that the vector
Yy defines a meromorphic function on C*. This proves the result with r =
and ¢ = d~!. If S(A) = {0}, then p; = 0 and the result follows in this case
too.

Let us treat the general case. We let [ to be the least common multiple
of the denominators of the slopes S(A) := {1 > p2--- > p,} of A. By
[RSZ13, Theorem 2.2.1], the variable change z — z'/* transforms oY =AY
into a ¢'/’~difference equation with integral slopes {lu1 > lug--- > Cu,}.
Therefore, appying the integer slopes case, we find the existence of r and a
complex number ¢ € C* such that the system o,(Y) = c2"/*AY has a non

zero vector solution Yy € C({zY/¢})™. O
REFERENCES
[BB92] Jean-Paul Bézivin and Abdelbaki Boutabaa. Sur les équations fonctionelles
p-adiques aux g-différences. Collect. Math., 43(2):125-140, 1992.
[Bou03] Nicolas Bourbaki. Algebra II. Chapters 4-7. Elements of Mathematics

(Berlin). Springer-Verlag, Berlin, 2003. Translated from the 1981 French
edition by P. M. Cohn and J. Howie, Reprint of the 1990 English edition
[Springer, Berlin; MR1080964 (91h:00003)].

[CasT2] Phyllis Joan Cassidy. Differential algebraic groups. Amer. J. Math., 94:891—
954, 1972.
[Cas89] Phyllis Joan Cassidy. The classification of the semisimple differential alge-

braic groups and the linear semisimple differential algebraic Lie algebras. J.
Algebra, 121(1):169-238, 1989.

[CHSO08] Zoé Chatzidakis, Charlotte Hardouin, and Michael F. Singer. On the defini-
tions of difference Galois groups. In Model theory with applications to algebra
and analysis. Vol. 1, volume 349 of London Math. Soc. Lecture Note Ser.,
pages 73—-109. Cambridge Univ. Press, Cambridge, 2008.

[Coh65] Richard M. Cohn. Difference algebra. Interscience Publishers John Wiley &
Sons, New York-London-Sydeny, 1965.
[CS07] Phyllis Joan Cassidy and Michael F. Singer. Galois theory of parameterized

differential equations and linear differential algebraic groups. In Differential
equations and quantum groups, volume 9 of IRMA Lect. Math. Theor. Phys.,
pages 113-155. Eur. Math. Soc., Ziirich, 2007.

[DHR18] Thomas Dreyfus, Charlotte Hardouin, and Julien Roques. Hypertranscen-
dance of solutions of mahler equations. Journal of the European Mathemat-
ical Society (JEMS), 20(9):2209-2238, 2018.

[DVHW14a] Lucia Di Vizio, Charlotte Hardouin, and Michael Wibmer. Difference alge-
braic relations among solutions of linear differential equations. 2014.

[DVHW14b] Lucia Di Vizio, Charlotte Hardouin, and Michael Wibmer. Difference Galois
theory of linear differential equations. Adv. Math., 260:1-58, 2014.

[Har08] Charlotte Hardouin. Hypertranscendance des systemes aux différences diag-
onaux. Compositio Mathematica, 144(3):565-581, 2008.
[HS08| Charlotte Hardouin and Michael F. Singer. Differential Galois theory of lin-

ear difference equations. Math. Ann., 342(2):333-377, 2008.



FUNCTIONAL RELATIONS FOR SOLUTIONS OF ¢-DIFFERENCE EQUATIONS 45

[Kol74]

[Lev06]

[OW15]

[Ram92]

[Roq08]
[Roq11]
[Roq12]
[Roq18]
[RSZ13]

[Sau04]

[SS16]

[vdPS97]

[vdPS03]

[Wat79]

[Wib21]

Ellis R Kolchin. Constrained extensions of differential fields. Advances in
Mathematics, 12(2):141-170, 1974.

Alexander B. Levin. Difference algebra. In Handbook of algebra. Vol. 4, vol-
ume 4 of Handb. Algebr., pages 241-334. Elsevier/North-Holland, Amster-
dam, 2006.

Alexey Ovchinnikov and Michael Wibmer. o-Galois theory of linear differ-
ence equations. Int. Math. Res. Not. IMRN, (12):3962-4018, 2015.
Jean-Pierre Ramis. About the growth of entire functions solutions of linear
algebraic g-difference equations. Ann. Fac. Sci. Toulouse Math. (6), 1(1):53—
94, 1992.

Julien Roques. Galois groups of the basic hypergeometric equations. Pacific
J. Math., 235(2):303-322, 2008.

Julien Roques. Generalized basic hypergeometric equations. Invent. Math.,
184(3):499-528, 2011.

Julien Roques. On classical irregular g-difference equations. Compos. Math.,
148(5):1624-1644, 2012.

Julien Roques. On the algebraic relations between mahler functions. Trans-
actions of the American Mathematical Society, 370(1):321-355, 2018.
Jean-Pierre Ramis, Jacques Sauloy, and Changgui Zhang. Local analytic
classification of g-difference equations. Astérisque, (355):vi+151, 2013.
Jacques Sauloy. La filtration canonique par les pentes d’'un module aux g-
différences et le gradué associé. Ann. Inst. Fourier (Grenoble), 54(1):181—
210, 2004.

Reinhard Schéfke and Michael F Singer. Consistent systems of linear differen-
tial and difference equations. Journal of the Furopean Mathematical Society
(JEMS), 2016.

Marius van der Put and Michael F. Singer. Galois theory of difference equa-
tions, volume 1666 of Lecture Notes in Mathematics. Springer-Verlag, Berlin,
1997.

Marius van der Put and Michael F. Singer. Galois theory of linear differential
equations, volume 328 of Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin,
2003.

William C. Waterhouse. Introduction to affine group schemes, volume 66 of
Graduate Texts in Mathematics. Springer-Verlag, New York-Berlin, 1979.
Michael Wibmer. Almost-simple affine difference algebraic groups. Mathe-
matische Zeitschrift, 2021.

INSTITUT DE RECHERCHE MATHEMATIQUE AVANCEE, U.M.R. 7501 UNIVERSITE DE
STRASBOURG ET C.N.R.S. 7, RUE RENE DESCARTES 67084 STRASBOURG, FRANCE
Email address: dreyfus@math.unistra.fr

UNIVERSITE PAUL SABATIER - INSTITUT DE MATHEMATIQUES DE TOULOUSE, 118
ROUTE DE NARBONNE, 31062 TOULOUSE.
Email address: hardouin@math.univ-toulouse.fr

UnN1v Lyon, UNIVERSITE CLAUDE BERNARD LyoN 1, CNRS UMR 5208, INSTITUT
CAMILLE JORDAN, 43 BLvD. DU 11 NOVEMBRE 1918, F-69622 VILLEURBANNE CEDEX,

FRANCE

Email address: roques@math.univ-lyonl.fr



	Introduction
	Part 1. Differential relations for solutions of q-difference equations
	1. Galois theories of difference equations
	2. Large (q,)-Galois group of q-difference equations
	3. Applications

	Part 2. q-difference relations for solutions of q-difference equations 
	4. Parametrized difference Galois theory
	5. q-difference equations of rank one
	6. Discrete projective isomonodromy
	7. q-difference equations with power series solutions
	8. Applications
	Appendix A. Difference algebraic groups
	Appendix B. Convergent power series solution of q-difference equation
	References


