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The number of potential winners in
Bradley-Terry model in random environment

Raphael Chetrite Roland Diel Matthieu Lerasle
October 8, 2015

Abstract

We consider a Bradley-Terry model in random environment where each
player faces each other once. More precisely the strengths of the players
are assumed to be random and we study the influence of their distribu-
tions on the asymptotic number of potential winners. First we prove that
under mild assumptions, mainly on their moments, if the strengths are
unbounded, the asymptotic probability that the best player wins is 1. We
also exhibit a sufficient convexity condition to obtain the same result when
the strengths are bounded. When this last condition fails, the number of
potential winners grows at a rate depending on the tail of the distribu-
tion of strengths. We also study the minimal strength required for an
additional player to win in this last case.

Keywords and phrases : Bradley-Terry model, random environment, paired com-
parison.
AMS 2010 subject classification : 60K37, 60G70, 60K40

1 Introduction and Results

We consider here a model of paired comparisons which may be used as a proxy
for sport competition, chess tournament or comparisons of medical treatments.
A set of N players (teams, treatments, ...) called {1,..., N} face each other
once by pairs with independent outcomes. When i faces j, the result is described
by a Bernoulli random variable X; ; that is equal to 1 when i beats j and 0
if j beats ¢ (hence X;; = 1 — X,;). The final result is given by the score
S; = Zj# X ; of each player that is its number of victories. We call winner
every player that ends up with the highest score.

To each player i is assigned a positive random variable V; modeling its intrinsic
value, that is its "strength” or its "merit”. Given VY = (V4,...,Vy), the
distribution of (X; ;j)1<i<j<n follows the Bradley-Terry model: all matches are
independent and

Vi
VitV

VI<i<j<N, P(X;;=1V))= (1)



The distribution of VY is chosen as follows. Let UY = (Uy,...,Uy) denote
i.i.d. random variables; to avoid trivial issues, suppose that all U; are almost
surely positive. For any ¢ € {1,..., N}, V; denotes the i-th order statistic of
the vector UY: the larger the index of a player is, the "stronger” he is.
Bradley-Terry model has been introduced independently by Zermelo [25] and
Bradley and Terry [3], it was later generalized to allow ties [6] 20] or to incor-
porate within-pair order effects [7], see [2] for a review. Despite its simplicity, it
has been widely used in applications for example to model sport tournaments,
reliability problems, ranking scientific journals (see [2] or more recently [4] for
references). Bradley-Terry model has also been studied in statistical literature,
see for example [B] [T4] 21] [16] T3] 23] and references therein.

Nevertheless, Bradley-Terry model has rarely been associated to random envi-
ronment models (see however [22]) and, to the best of our knowledge, never from
a strictly mathematical point of view. The addition of a random environment
seems however natural as it allows to manage the heterogeneity of strengths of
players globally, without having to look at each one specifically. It is a method
already used fruitfully in other areas such as continuous or discrete random
walks (see [24] or [TI] for recent presentations). Our problem here is to under-
stand how the choice of the distribution for the strengths of players influences
the ranking of the players. In particular, does a player with the highest strength
ends up with the highest score? And if not, what proportion of players might
win? These problematics are related to the articles detailed below.

e Ben-Naim and Hengartner [I] study the number of players which can win a
competition. These authors consider a simple model where the probability
of upset p < % is independent of the strength of players:

Vi<i<j<N, P(Xi;=1)=plic; + (1 —p)Lis; .

For this model, they heuristically show with scaling techniques coming
from polymer physics (see [8]) that, for large N, the number of potential
champions behaves as v/N. In the Bradley-Terry model in random envi-
ronment, Theorem 2l shows that the class of possible behaviors for this set
is much richer.

e Simons and Yao [21] estimate the merits V) based on the observations
of (X j)i<i<j<n. They prove consistency and asymptotic normality for
the maximum likelihood estimator. It is interesting to notice that this
estimator sorts the players in the same order as the scores S; (see [12]).
In particular, the final winner is always the one with maximal estimated
strength. Theorem [ shows that usually this player has also maximal
strength when the merits are unbounded but it is not always true in the
bounded case, see Theorem [2]

Throughout the article, U denotes a copy of U; independent of UY, @Q de-
notes the tail distribution function and supp @ its support, P denotes the an-
nealed probability of an event with respect to the randommness of VIV and



(Xij)1<i<j<n, while Py denotes the quenched probability measure given VI,
that is P ( - [VY). In particular,

_ v

VitV

VI<i<j<N, Py(X,;=1)

We are interested in the asymptotic probability that the ”best” player wins, that
is that the player N with the largest strength Viy ends up with the best score.
The following annealed result gives conditions under which this probability is
asymptotically 1 when the number of players N — oo.

Theorem 1 Assume that there exist 5 € (0,1/2) and xo > 0 in the interior of
supp Q such that QY/?>=P is convex on [zg,o0) and that E [UQ} < 00. Then,

P (the player N wins) > P (SN > | Jnax SZ-) oo 1.

Remark 1 When the support of the distribution of U is Ry, the convexity con-
dition is not very restrictive as it is satisfied by standard continuous distributions
with tails function Q(x) ~ e ", Q(z) ~ 2% or Q(z) ~ (logx)~¢. The moment
condition E [U 2} < 00 is more restrictive in this context but still allows for
natural distributions of the merits as exponential, exponential of Gaussian or
positive parts of Gaussian ones. It provides control of the explosion of mazximal
strengths. It is likely that it can be improved, but it is a technical convenience
allowing to avoid a lot of tedious computations.

When supp Q is finite, we can always assume by homogeneity that it is included
in [0,1], since the distribution of (X; j)i1<i<j<n given VI is not modified if all
Vi are multiplied by the same real number A\. The moment condition is always
satisfied and the only condition is the convexity one. This last condition forbids
an accumulation of good players with strength close to 1.

Let us investigate now the necessity of the convexity condition. For this purpose,
suppose that Q(1 — u) ~ u® when u — 0, then the convexity condition holds
iff &« > 2. To check the tightness of the bound 2, we introduce the following
condition.

Assumption 1 The mazimum of supp @ is 1 and there exists a € [0,2) such
that,
log Q(1 — u) = alog(u) + o(logu) when u — 0. (A)

Let us stress here that Q may satisfy (Al even if it is not continuous. Moreover,
« is allowed to be equal to 0, in particular, Q(1) may be positive. Notice that
some standard distributions satisfy Assumption ([A]), for example the uniform
distribution satisfies (A]) with a = 1, the Arcsine distribution satisfies it with
a = 1/2 and any Beta distribution B(a,b) satisfies it as long as the parameter
b < 2 with a = b.

The next quenched result studies, under Assumption (Al), the size of the set of
possible winners.



Theorem 2 For anyr € Ry, let G, ={[N —r]| +1,...,N} denote the set of
the |r] best players. If (Al holds, for any v <1 — «/2 then, P almost-surely,

Py (none of the N7 best players wins) = Py ( max S; < max S’i> — 1.

€GNy €GN

For any v > 1— «/2 then, P almost-surely,

Py (one of the N7 best players wins) = Py (‘max S; < max Si) —1.

1¢G Ny €GN

Remark 2 The first part of the theorem shows that, when Q(1 —u) ~ u®,
with o < 2, then none of NY “best” players, for any v € (0,1 — a/2) wins the
competition. In particular, the ”best” one does not either. In this sense, the
bound 2 in the asymptotic development of Q around 1 is tight.

The second result in Theorem [A shows the sharpness of the bound 1 — a/2 in
the first result. Heuristically, this theorem shows that under Assumption (Al),
N'=/2 players can be champion.

Under Assumption ([A]), the best player does not win the championship. There-
fore, we may wonder what strength vyy; an additional tagged player N + 1
should have to win the competition against players distributed according to Q.
The following quenched result discusses the asymptotic probability that player
N + 1 wins depending on its strength vy4;1. To maintain consistency with the
previous results, we still use the notations

Si= Y Xi; forie{l,...N+1} .
With this convention, Sy1 describes the score of the player N + 1 and the
score of each player i € {1,..., N } is equal to S; + X; N+1-
Theorem 3 Assume (Al and let

U
ﬁU—E[m} and EN =

2 —alog N
duv N

If iminf y 00 ”N:—Al]*l > 1, then, P-almost surely

Py (player N + 1 wins) > Py (S’N+1 > 1+ ‘_I?axNS’i) — 1.

UN+1—1
EN

If imsupy_, o < 1, then, P-almost surely

.....



Remark 3 This result shows a cut-off phenomenon around 1 + ey for the
asymptotic probability that player N 4+ 1 wins.

It is interesting to notice that, for a given o, €n is a non increasing function of
Jy. Therefore, when U is stochastically dominated by U’, that is P(U > a) <
P(U" > a) for any a € [0,1], we have 9y < 9y, hence ¥ > €{'. In other
words, it is easier for the tagged player to win against opponents distributed as
U’ than as U even if the latter has a weaker mean than the former. This result
may seem counter-intuitive at first sight. In the following example in particular,
it is easier for the additional player to win the competition in case 1 than in
case 2, since both distributions satisfy (A with o = 0.

1. All players in {1,..., N} have strength 1.

2. The players in{1,..., N} have strength 1 with probability 1/2 and strength
1/2 with probability 1/2.

Actually the score of the tagged player is smaller when he faces stronger oppo-
nents as expected, but so is the best score of the other good players.

Remark that the first theorem is an annealed result while the others are quenched.
Indeed, the first theorem requires to control precisely the difference of strengths
between the best player and the others when all the players are identically dis-
tributed, this seems complicated in the quenched case. This problem does not
appear in the other results: for example, in Theorem [B] the strength of the
tagged player is deterministic and the strengths of others are bounded by 1.

The remaining of the paper presents the proofs of the main results. Section
gives the proof of Theorem [I] and Section B] the one of Theorems 2] and

2 Proof of Theorem [

Denote by Zy = max;cqq,. nv-1} 5. The key to our approach is to build
random bounds sV and 2" depending only on V¥ such that,

P(Sy>sV)—=1, P(Zyn<zV)—=1 and P(s¥>2V)—=1. (2
It follows that,

]P)(SN>ZN)Z]P(SNZSN, ZNSZN, SN>ZN)
>1-P(Sy<sV)—P(Zy>2V)-P(sV <zV)—>1.

The construction of sV and zV is the subject of the next subsection, it is
obtained thanks to concentration inequalities. The concentration of Sy is easy,
the tricky part is to build zV. First, we use the bounded difference inequality
to concentrate Zn around its expectation. The upper bound on its expectation
is given by the sum of the expected score of player N — 1 and a deviation term
that is controlled based on an argument used by Pisier [I9]. Finally, the control
of P (sN > 2N ) derives from an analysis of the asymptotics of Vy_; and V.



2.1 Construction of s and zV

The expectation of the score Sy of the best player is given by

Nol
Ey [Sy] = Z N
o WtV

and the concentration of Sy is given by Hoeffding’s inequality, see [15]:

N-1
VN Nu _
P Sy < — ) — | <eT* .
(=St 7) =

Hence, the first part of (@) holds for any uy — oo with

SNZNZ?L_ Nuy . (3)
o WV

The following lemma implies the concentration of Zy around its expectation.
As we will use it in a different context in other proofs, we give a slightly more
general result.

Lemma 4 Let I C [N] and let Z = max;e; S;. For any u > 0,

Py (ZZEv[Z]—I—\/%u) <e™™
PV <Z§IEV[Z]—\/%u> Seiu .

Proof: The proof is based on the bounded difference inequality recalled in
Theorem [I3] of the appendix (see [9], [I7] or [18]). To apply this result, we have
to decompose properly the set of independent random variables (X; j)1<i<j<n-
To do so, we use the round-robin algorithm which we briefly recall.

First, suppose N even. Denote by o the permutation on {1,..., N} such that
o(l)=1, o(N)=2and o(i) =i+ 1, if 1 <i < N and define the application

and

A:{l,...,N-1}x{1,...,N} = {1,...,N}

by A(k,i) = o~ *"D(N + 1 — o*=1(4)). Then, for any k € {1,...,N — 1},
A(k,-) is an involution with no fixed point and for any i € {1,..., N}, A(-,1)
is a bijection from {1,...,N — 1} to {1,...,N}\ {i}. The first variable of
function A has to be thought as “steps” in the tournament. At each step, every
competitor plays exactly one match and A(k,?) represents here the opponent
of player i during the k" step. We denote by Z* the variables describing the
results of the k' step, that is ZF = (Xi,A(k,i), @ < A(k,4)). The variable Z
can be expressed as a (measurable) function of the Z¥, Z = W(Z1 ... ZN-1).



Moreover, for any k = 1,...,N — 1 and any z',..., 2V 2¥ in {0, 1}N/2, the
differences

‘\If(zl,...,zk,...,zN_l)—\I/(zl,...,ék,...,zN_l)|

are bounded by 1. If N is odd, we only have to add a ghost player and Z can be
expressed in the same way as a measurable function of N independent random
variables with differences bounded by 1. Therefore, in both cases, the bounded
difference inequality applies and gives the result. O

It remains to compare the expectations of Zy and of Sy. This requires to
control the sizes of Viy_1 and Vy. Recall that V; is the " order statistics of
the vector UV = (Uy,...,Uy), that is

Vi= min_ {Uy|3Ic{l,...,N}, I|=iand VI € LU < Uy} .
ke{l,...,N}

Then the sets {V4,...,Vy } and {Uy,...,Un }, counted with multiplicity, are
equal which guarantees that, for any function f, Zil fv) = Zil F ().
Let Q! denote the generalized inverse of Q: for y € (0, 1),

Q '(y)=if{zeR}, Qx) <y} .

Remark that the convexity assumption implies that, if M is the supremum of
supp @, the function @ is a continuous bijection from [zq, M) to (0, Q(zo)] such
that lim, 3 Q(x) = 0 so, on (0, Q(z0)], @' is the true inverse of Q.

Lemma 5 For any function h defined on Ry such that lim . h = 400, let

—1 [ (V) e h(IV)
ax_{Q (") <

0 otherwise

49" (i)

Ay ={al <V <V <WR} .
Then lim P(AR) =1

Proof: If h(N)/N > 1, P(Vn-1 < ay) = 0 so the lower bound is trivial. If
h(N)/N <1 and h(N) > 1, since z A Q(z0) < Q(Q*(z)) < =,

P(Vyo1 <aly)=(1-Qay)N + N1 - Q)N 'Q(ak)

hN) Q(xo))Nl ,

< 2h(N) (1 -

Hence, P (Vy_1 < al ) — 0. Moreover, for any N such that 1/(Nh(N)) < o,

N 1 N
P(Vy >by)=1-P(U <by) :1—(1—W) =0 .



Lemma 6 There exists a non-increasing deterministic function y — n(y) on
Ry such thatlimioon =0 andlimy o P (By ) = 1, where By = {V—\/% <n(N) }

Proof: Since E [U?] = fooo yQ(y)dy < 0o, limy 4o f;o yQ(y)dy = 0. As Q is

non increasing,
3 xr xr
ngQ(w)Z/ ydyQ(w)S/ yQ(y)dy — 0 .
z/2 z/2

Therefore Q(z) = o(1/2?) when x — +o0. This implies that Q~*(y) = o(1/\/y)
when y — 0 and there is a non-decreasing function y — wu(y) defined on Ry
such that limgu = 0 and Q@ *(y) < u(y)/\/y. For any N large enough, choosing

u(1/N)
N
Q! <7u5\1[/N)> < +/Nu(1/N).

Setting n(y) = \/u(1/y), Lemma [l used with h(z) = 1/\/u(1/z) gives the

result. D

We also need the following result:

N—-1

Lemma 7 Define Ex(V = Z ViV -1

V- 1+V

Cy = {iE[U} < Ex(V) < 2E[U1}

Then, limy_, - P(Cn) =

Proof: Remark that for i € {1,..

1 1 Vi
Ex(V)2> ==Y Vi===)Y U — -~
vV) =3 v 2N; 2N
and
1N—l 1 N
Ex(V)< 5D Vi< Ui

Lemma [0] ensures that Vi /N converges in probability to 0 and therefore the
proof is easily conclude using the Weak Law of Large Numbers. O

We are now in position to bound Ey [ Zx].

Lemma 8 For N large enough, on By N Cy,

N-1

VN1 NlOgN
SE|U| ———— .
ZV 1_|_V [ ]



Proof: Write

N-1
VN_1

ZjszN—Zi .
= Vo1 +V;

For any A > 0, Jensen’s inequality and the argument of Pisier [19] give

1 /
Ey[Zy] < Y logEv {6’\ZN}
N-1
1 s N-1 VN1
< X log ( ; Ev |:6>\(SI =1 VN_1tV; ) ] )

Let S = vaz_ll X;, where X; are independent Bernoulli variables with respective
parameters Vy_1/(V—1 +V;). Every S; is stochastically dominated by S, thus

1 N1 VN
IEV [ZJ/V] < —log (NEV |:e)\(S 2in VN1+Vi):|)

A
An — VN_llogN
N7\ 2NE[U]

for N large enough, on By N Cn, Ax < 3/(8¢?) < 1. Lemma [[2in Appendix
evaluates the Laplace transform of Bernoulli distribution and gives here

Let

N1V 2 W1 VNaVi
Ey e)\N(Sizizl VN1+Vi):| <6ANZi:1 (VN—1+V)2

Therefore,
logN  2AxN

Nlog N
— + ElU|=4/8E|U| ———— .
AN V-1 U] v U] V-1

Lemmas [ [6] [7 and /] give the second part of () for any uy — oo with

N-1
Vn_ Nlog N
N N-1 g
= _ SE|U| ———— + /N . 4
: ; Vo1 +V; * v U] Vn_1 * o @)

To prove the third item of [@]), it remains to prove that there exists some uy —
oo such that the probability of the following event tends to one:

Ev[Zy] <

d

N-1
VN VN-1 NlogN
— >4 /8E|U]| ——— 4+ 2N . 5
; (Vi+VN Vi-l-VNl) U] V-1 i ®)



2.1.1 Proof of ({)

The proof relies on a precise estimate of the difference Vy — Vy_;.

Dy = {VN_1 <Vn <1 - (VN_1)1_6> }

Then P(Dy) — 1 as N — oo.

Lemma 9 Let

=

Proof: In the proof, Cz denotes a deterministic function of 8 which value can
change from line to line and F' =1 — @ denotes the c.d.f. of U.

Let 1 be the function defined in Lemma Bl and denote h = n~?. As g is in the
interior of the support of @, there exists a constant ¢ < 1 such that zq/c also
lies in the interior of supp Q. Let a%,b% be defined as in Lemma[5 and consider
the event

Fy = { (@0/0) v aly < Vet S VN (/2 A0(N) AV |
According to Lemma [l and Lemma [6] limy o P ( Fy ) = 1. Moreover,

P(D%) <P(DYNFn)+P(FY)
=E[1p,P(Dy|VN-1)] +P(Fy) -

The cumulative distribution function of the random variable Vy given Vjy_1 is
1-Q/Q(Vn_1) and then

ot -0 (v (1= (5m) ) )

]P)(D?V“/N*l): Q(VN—I)

On the event Fly, the convexity of @ gives

() i
1— (VN—I/\/N)l_IB Q1)

P(Dy|VN-1) <

and Vi /v/N is smaller than 1/2, thus

. VR F' (Vi)
P(DxIV-1) < O 5ammgvn )

(6)

Moreover, by convexity of Q%2 the function F’/QY?*# is non-increasing,

10



hence, by Holder’s inequality, for any = > /¢,

pemes @) [Ty TP
Q)28 =P |y s Y

<oo([Tvrom)”([Gm)

<o (s (320))

As seen in the proof of Lemma[B] lim, . y*Q(y) = 0, hence Q(cx) < Cp1/x?
for some constant Cg ;. Therefore for any = > z¢/c,

B FI(,T) CvB71 1/2+p
P Qe <0 (bg (m(x))) |

)1/2+/3

The function g(z) = (22Q(z))?/* (10g Cpa is upper bounded, this

22Q(x)
yields the following inequality:

$2735/2F/($) S CBQ(x)1/2+3ﬁ/4 .
This last bound applied to = Viy_1 combined with (@) leads to:

Cs (V1)
NO=D2(Q(Viy—1)) 73

P(D%lVN_l) S on FN.

Now on Fy the following bounds also hold:

n(N)»

V-1 < VNp(N) and Q(Vi_1) > N

hence,
1y P (D§|V_1) < Can(N)*°/4 .

We conclude the proof by integration of the last inequality. O
Let h(z) = /2 and consider the event

GNZA}K[QBNQCNQDN

B

1
>———, VN —Vn_1 2V,
VN_T](N), N N—-1 Z N(

1-8
= {VNl >Q7'(1/2), %1 ) ’

@ <En(V) < 2E[U]}.

11



According to Lemmas [l [6] [ and @ P (G ) converges to 1 when N — oo so
we only have to prove that () holds on the event Gy. And on Gy,

N1< [ >>VN—VN1N21 v;
VitV Vi+ VN1 ) ™ 2Vn — VvtV

v () B B ()

Thus, for N large enough, on Gy,

N—-1 V; VN_
Zi:l (ViJr]\\j/N B %+1\‘[/N171) > E[U] (V )1/2 8 ]\7#’/2
8E[U] Nlog N - 83 - \/IOgN
VN-1
E[U] - 1/2-5 NP/
=B @) s )

and

N-1 B

Vi Vi1 E[U] VN E[U] 1
- > VN >N~
— (Vi—f-VN Vi-i-VN—l)_ 8

Hence, for a constant ¢ small enough and uy = ¢/ (n(N))*

2\/N—1uv<%]§( Yy Vv ) (8)

,on Gy,

VitV VitV
Bounds (@) and @) imply (B); this concludes the proof of Theorem [II

3 Proof of Theorem 2l and Theorem

Remark that in both theorems, each variable S; for ¢ € {1,..., N } has the same
definition, it corresponds to the score of a player with strength V; playing against
opponents with respective strength {V;,j € {1,...,N}\ {i}}. Therefore in
both proofs, the notation Zy = max;c(,... v} Si represents the same quantity.
We build bounds sV < sf and 2V < 2z 2 depending only on V¥ such that

Pv(SJESSN+1§Sf)—>1, ]P’V(zggZNgziv)%l, P—as. (9)

and such that, when liminfy_, o ”N:—Al]*l > 1, P-almost surely, for any N large

'UN+171

enough, s > 1+ zﬂrv, while when limsupy_, P

N

< 1, P-almost surely,

for any N large enough, sf < z
{sjf > 1+ zﬂrv },

In the first case, it follows that, on

Py (Sn41 > 1+ 2Zn) > Py (Sny1 > sV, Zy <z2Y)
> 1—Pv(SN+1 <S]_V) —Pv(ZN >Z_]i_v)

12



The result in the second case is obtained with a similar argument. This will
establish Theorem

For Theorem 2] given 79 < 1 — /2 < 1, we build random bounds z{¥ and z¥
depending only on VY such that P-almost surely,

Pv(max Sigzé\’>—>1, P(max Singv>—>1. (10)
iEGN'm i%GN’Yl

and
P(liminf{zév<z§}) =]P’(liminf{zfv<zj_v}) =1.

On {z <2},

]P’V(‘max Si<ZN) Z]P’V(max Si<2(])v, ZN<ZN>

1€G N0 1€G nvo

ZI—PV< max SiZz(])V)—]P’V(ZN<ZN)

1€G nvo

On {2 <2V},

]Pv( max Si<ZN) va< max Si<Z{V, ZN<ZN>
i¢G N1 i¢GNm

Zl—Pv< max SZZZ{V) —]Pv(Z],V<ZN)
iEG N1

Together, these inequalities yield directly Theorem

The construction of sV and sf will derive from the concentration of Sy given
by Hoeffding’s inequality: for any u > 0,

N
UN+1 Nu _
Py Svii <) ——— /5 | <e " . 11
V<N+1 ;W+0N+1 2) (1)

N
UN+1 [Nu —u
Py (SNJrlZZm‘F 7>§6 . (12)
i=1

We will now build the bounds 2, 2V, z&¥ and zf To do so, we study the
concentration of Zy, maX;eG, S; and max;gc, S;. The construction of these
bounds is based on the same kind of arguments as the ones used in the previous
section. The construction of 2% requires a lower bound on Ey [Zy] which is
obtained by comparison with the maximum of copies of the S; that are inde-
pendent, see Lemma [T11

3.1 Construction of z{', 2", z% and z¥

Lemmalgives the concentration of Zx, maxieq -, Si and maXg¢q -, S around
their respective expectations which are evaluated in the following lemma.

13



Lemma 10 P almost-surely,

Ev [Zn] = NE [H%] +1/(2—a)dyNlogN +o(y/NlogN) ,

1
E S;| < NE| —— | — NY/2tvy (N1/2+u)
V|:i¢HCl;}v)§1 :|_ |:1+U:| U+o ,

where v = % > 0. In addition, P almost-surely,

IEV[ max Si] < NE[ + V27V%uNlog N + o(y/NlogN) .

1€G nvo -

=

Proof:
Upper bounds. Define Zj, = Zn — Ek 1 1+V . The law of iterated logarithm
ensures that, P-almost surely,

N N

1 1 1
A N N (\/Nl N) . (3
;1+Vk kz::llJrUk {1+U}+0 °8 (13)
To bound E [Zy], it is then sufficient to prove that

Ey [ZN] < V(2 —a)9yNlogN +o(y/NlogN) .

Let € > 0 and I§ = {z st. Vi>1— N’1/2+E}. By Jensen’s inequality and
the argument of Pisier [19], for any A > 0,

Ev [Zy] < Alog S+ |E { (8-S vy )

ely  agly

Let S = Zszl X where, given VIV, the X}, are independent Bernoulli variables
with respective parameters 1/(1 + V) and S’ = Zszl Y%, where the Y}, are
independent Bernoulli variables with respective parameters
1— N—l/2+e
1— N-Y2te 4 V3

The variable S represents the score obtained by a player with strength 1 playing
against all the others, so it clearly dominates stochastically each ;. Likewise,
S’ represents the score obtained by a player with strength 1 — N~1/2%¢ playing
against all the others, so it dominates stochastically each S;, with ¢ ¢ I§.
Therefore,

Ey [Zy] <

%10g<|ffv|]EV [e (S—Ev[S]) }+|(IN) IEy [ (/—Eglﬁ)}) (14)

14



Let Ay = C'y/log N/N where C is a constant that will be defined later. For any
1<k<N,
1 N¢ Vi

<
L+ Vi = VN (14 Vi)?
which gives following the upper bound:

Ev [Y]

N €
EV [eAN(S/Zg1 Hlvk):| S H EV [eAN(Yk*EV[Yk])} e*AN%#.
k=1
By Lemma [I2] for N large enough,
)\2

N
’ N 1 N _ NE Vi
Ey |:e>\N<S = k=1 TV, )] < I I e 2 AN T arvo?
k=1

u Vlog N
_ e*CNE\/lOgN(% Sty W*C%)

As the strong law of large numbers shows that, P-almost surely,

N

1 U Viog N
lim — —C =9y >0
N%N; 1+ Up)2 2N« v
we obtain
Ey {eAN(S'ZkNl T )} =0 (e*NE) , P—as. . (15)

We turn now to the other term in the right hand side of ([[d]): using Lemma[T2]
and the law of the iterated-logarithm, P-almost-surely,

=

E, {e,\N(SZi\’l 1+1Vk):| = TIE, {eAN(ka]E[Xk])}

k=1
2
< eATN Eszl Var( Xy, )+O< % )
NA?V log3/2 N
<e 5 19u+0(—\/ﬁ ) (16)
It remains to control |I§|. By (Al), P-almost surely,
P (U >1— 1/N1/2—6> _ N—a/2+eaeo(logN) ,
then it is easy to prove, applying Borel-Cantelli lemma, that
|I§| = Ni—a/2+eagoloeN) = p _ almost surely . (17)

Therefore, (), (I6) and () prove that, P-almost-surely

log N N)\N19U+o<10gN)

)\N * 2 /\N

Ey [Zi] < (1 —a/2+ ae)

15



Hence, choosing C = \/(2+J;20‘6) that is Ay = (2%320‘6)% , we get

Ey [ZN] < V(2 — a+2ae)dyNlog N + o(y/Nlog N) P-as. .
As the result holds for any € > 0 small enough, this gives the upper bound on
Ey [ZNn]-

Proceeding as in the proofs of (I4)) and (If]), but choosing now Ay = 4/ %,

we get the upper bound for Ey [maxiegmo Si].
Applying (7)) with e = v, we get that, P-almost surely, for N large enough,

|GN'VI| — N — N1— a/242av > N1- a/24+av o(logN) |Iu| )

Therefore, for any i ¢ Gy, V; <1 —1/N'/27%. We can prove as in the other
cases that P-almost surely,

N

1— 1/N1/2—u
max S; —
i€ G N1 = 1/N1/2 v+ Vi

=O(y/NlogN) .

Ev

It remains to remark that, P-almost surely, by ([I3) and the strong law of large
numbers,

N N

1—1/NV/2 A . Vi,
= —INVEVN N2y
;1—1/N1/2*V+Vk ,;1+V / ;(1+Vk)2+0( )
_NE|—— — NV o (N2
1+U

This concludes the proof of the upper bound on Ey [maxiggml Si].

Lower bound on Ey [Zy]. Let us start with the following lemma which says
that Zy stochastically dominates the maximum of independent copies of the
variables S;.

Lemma 11 For any a > 0 we have, P-almost surely,

N
Py (Zy <a) < H]P)V (Si<a)

i=1
Proof:  We proceed by induction, we provide a detailed proof of the first step,
the other ones follow the same lines. Let X5 1 denote a copy of X5 1, independent
of (Xi,j)1§i<j§N and let 821 = XQJ + EZJ\LB Xo i, My =51V 95s, MQ =5V S21,
A ={max;>35; <a}. Write {Zy <a} = {M: <a}nA. Simple computations
show that:

Py (7 <) = ({ v s }) PV({MQ:a}m{MQ:M2+1}mA)
P ({M=a+1} 0 {2t =1t -1} n4)

16



In addition, for z € {0,1},
) ) N N
{M2—M2=1—2$} = {X1,2=X2,1 =ux, ZX2,iZCC+ZX1,i}
i—3 i=3

Now, recall that X; o and XLQ are independent of Efi3 Xo., Ezj\ig X1, and A,
then, for z € {0,1},

]P’V({Mg:d—l-d?}ﬁ{Mg:M2+1—2x}ﬁA)
=Py (Xl,ngf?,l :x)PV <{iX27i=a,in7i§a—x}ﬂA>
1=3 =3

As Py (Xl,z =X = 0) =Py (XLQ =Xy, = 1) we obtain

Py (Zn <a) <Py (ZNSG)
O

Let IR, = {z st. V;>1-— Nfl/z} and S = sz\iz X, where the X, are inde-
pendent and X; ~ B(1/(1 4 V;/(1 — N7/2)). The variable S is stochastically
dominated by any S; with i € I$. It follows from Lemma 1] that,

N
Pv(ZN <a) SH]P)V(Sz <a)§ H Pv(si <a) SP{/(S<G)|1N‘
i=1

i€l

For any € € (0,1 — a/2), denote vy = /(2 — a — 2¢)Jy N log N. The previous
inequality yields
By [Zn] = (v +Ev [S])Pv (Zn —Ev [S] =)
0
> (v +Ev [S)(L~Pv (8 ~Ev [S] <w)™)) .

Denote \y = lova. By Lemma [[2 for any v € Ry and any N such that

U)\N < 17

N—-1 212 -
log By [eww(s=2is) ] — 3~ <_“ v Vi +O()\§V)>

2
=1 2 (1 + V;)
u (log N)3/2
= —VYylogN+ 0| ——=— ) P-as. .
5 VU og N + < N a.s
The last line is obtained thanks to the law of iterated logarithm. Hence,
: wog NEZES ) u?
]\}gréo logNIOgEV [e A 2 v -

17



The same argument applied on the variables —X; shows that the previous in-

equality actually holds for any u € R. Therefore, using Theorem [I4lin Appendix

with the sequence of random variables (ny = ?};ﬁ‘:}%,

limNinf logPy (S —Ey [S]>9v) > —14+a/2+¢€ .

1
log N
In particular, since log |[I$| ~ (1 — a/2)log N, for N large enough

13|

Py (S —Ey [S] < ,YN)‘IRI‘ < (1 _N71+a/2+€/2)

_ne/a
€N .

IN

Since, by the law of iterated logarithm,

N 1-1/VN 1
IEV[S]:;1—1/\/N+Ui_1+V1

> NE [H—%} +o(v/NlogN) ,

we obtain that, for any € > 0,

Ev [ZNn] > NE [H%} —|—\/(2—a—2e)19UN10gN+o(\/NlogN)

which concludes the proof. O

3.2 Conclusion of the proof of Theorem

Choosing u = loglog N in (), a slight extension of the law of iterated logarithm
gives that, P-almost surely, with Py -probability going to 1,

N
Snar >y AL \/N;”V = NE [Q’Ni“} +o(VNlogh)

Z.:1Vi+vN+1 U+vnit
and
N
Sy < 2L 4o/ NUN g [ O +o(s/NlogN)
= ~ Vitovn 2 U+vnyt

Therefore, there exists e, — 0 such that the first statement of (@) holds P-
almost surely with

s¥ = NE {%} +el/NlogN .

U+ vyt
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By Lemma Ml with © = loglog N, and Lemma [0, P-almost surely, with Py -
probability going to 1,

Zxn = NE [14—%] + V2 - a0y NlogN +o (\/NlogN) .

Therefore, there exists €% — 0 such that the second statement of (@) holds with

Y +1=NE [U+ } +/(2—-a)dyNlogN + ¢4 /NlogN ,
2N = NE [ULH} + (2 —a)dyNlogN — e4/NlogN .
Moreover,
UN 11 1 U
E —~ = ~1E
|:U+’UN+1 1+U} (ox+1=1) [(U+1)(U+UNH)]

Hence, denoting €3, = ey + €%, the inequality s > z& + 1 is verified if

(UN+1—1)E[ U ]Z(W—Fe?\,) IOESVN

(U+1)(U+vn41)

that is if
U
UN+41 — 1E |:(U+1)(U+'UN+1)i| >14 6%, (18)
EN Ju - (2 —a)dy

where ey = V2 —a 9, 1/21/ e N is the value appearing in the statement of
Theorem [8l We now prove by contradlctlon that

E[#]
.. .UNg1 — 1 (U+1)(U+vn+1)
lim inf

N—o00 EN ’19U

>1. (19)

Suppose there is a subsequence of vy 41 (that we still call vy 1) such that ([I3)
is not true. As liminf(vy41 —1)/eny > 1, it means that for N sufficiently large,
UN41 > 14 6 for some § > 0. But in this case, the LHS of ([I9) clearly goes to
infinity as N — oco. That contradicts our initial assumption and then (I8 is
verified for N large enough.

The proof that s < 2z when liminf(vy41 — 1)/eny < 1 follows the same
arguments.

3.3 Conclusion of the proof of Theorem

By Lemma M with u = loglog N and Lemma [0, P-almost surely, with Py -
probability going to 1,

1
max S <NIE[ +U]+ 27019UN10gN+0(\/N10gN)

1€G nvo
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Since vo < 1 — /2, the first item of (I0) holds for N large enough with

1 o
N
— NE|—— ( 1——)19 Nlog N .
%0 [1+U]+\/%“L g ) VU 08

It is clear that 2’ < zV for N large enough since, by definition vo+1— 3 <2-a.

By Lemma M with u = loglog N and Lemma [0, P-almost surely, with Py -
probability going to 1,

max S; < NE L —N1/2+”19U+0(N1/2J”’) :
i¢GNm 1+U

where v = W > 0. Hence, the second item of ([I0) holds for N large
enough with
1
N
=NE | ——
“ [ 1+U ] ’
N

which is clearly smaller than z

Appendix

To evaluate the various expectations of suprema of random variables, the follow-
ing result is used repeatedly. Its proof is straightforward and therefore omitted.

Lemma 12 Let X be a Bernoulli distribution with parameter p € [0,1] and
a € 10,1], then

2
1+ %p(l -p)<E [ea(X—]E[X])} < ep(l_p)az(%%a) |

We also recall for reading convenience two well-known results. The first one is
the bounded difference inequality (see Theorem 5.1 in [I§]):

Theorem 13 Let X" = Xy x --- X X, be some product measurable space and
U X" — R be some measurable functional satisfying the bounded difference
condition:

U (21, .oy ey @n) — W(X1, e Yy )| <1

for all x € X" y € X", i € {1,...,n}. Then the random variable Z =
U(Xy,...,X,) satisfies for any u > 0,

P(ZEIE[ZH—\/;)ge“ and ]P<Z§E[Z]—\/§) <e .

The second result is a simple consequence of Gartner-Ellis theorem (see Theorem
2.3.6 in [I0]) and of the Fenchel-Legendre transform of a centered Gaussian
distribution.
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Theorem 14 Consider a sequence of r.v. ((n), ey and a deterministic sequence
(an)nen — 00 such that for any u € R,

2 2
lim ilogE [e“a"gn] 47

N—>00 (U, 2

Then, for any x > 0,

1 2
liminf —logP ({, > z) > -

n—oo Ay 202

References

[1] E. Ben-Naim and N. W. Hengartner. Efficiency of competitions. Phys. Rev.
E, 76, 2007.

[2] Ralph A. Bradley. Science, statistics, and paired comparisons. Biometrics,
32(2):213-232, 1976.

[3] Ralph Allan Bradley and Milton E. Terry. Rank analysis of incomplete
block designs. I. The method of paired comparisons. Biometrika, 39:324—
345, 1952.

[4] Manuela Cattelan. Models for paired comparison data: a review with
emphasis on dependent data. Statist. Sci., 27(3):412-433, 2012.

[5] H. A. David. The method of paired comparisons, volume 41 of Griffin’s
Statistical Monographs & Courses. Charles Griffin & Co., Ltd., London;
The Clarendon Press, Oxford University Press, New York, second edition,
1988.

[6] R. Davidson. On extending the bradley-terry model to accomodate ties in
paired comparison experiments. J. Amer. Statist. Assoc., 65(329):317-328,
1970.

[7] Roger R. Davidson and Robert J. Beaver. On extending the Bradley-Terry
model to incorporate within-pair order effects. Biometrics, 33(4):693-702,
1977.

[8] P. G. de Gennes. Scaling concept in polymer physics. Ithaca, Cornell, 1979.

[9] A. Dembo. Information inequalities and concentration of measure. Ann.
Probab., 25(2):927-939, 1997.

[10] A. Dembo and O. Zeitouni. Large deviations and applications. In Handbook
of stochastic analysis and applications, volume 163 of Statist. Textbooks
Monogr., pages 361-416. Dekker, New York, 2002.

21



[11]

[19]

Alexander Drewitz and Alejandro F. Ramirez. Selected topics in random
walks in random environment. In Topics in percolative and disordered sys-
tems, volume 69 of Springer Proc. Math. Stat., pages 23-83. Springer, New
York, 2014.

L. R. Ford, Jr. Solution of a ranking problem from binary comparisons.
Amer. Math. Monthly, 64(8, part 11):28-33, 1957.

M. Glickman and S. Jensen. Adaptive paired comparison design. J. Statist.
Plann. Inference, 127(1-2):279-293, 2005.

T. Hastie and R. Tibshirani. Classification by pairwise coupling. Ann.
Statist., 26(2):451-471, 1998.

W. Hoeffding. Probability inequalities for sums of bounded random vari-
ables. J. Amer. Statist. Assoc., 58:13-30, 1963.

David R. Hunter. MM algorithms for generalized Bradley-Terry models.
Ann. Statist., 32(1):384-406, 2004.

K. Marton. Bounding d-distance by informational divergence: a method to
prove measure concentration. Ann. Probab., 24(2):857-866, 1996.

Pascal Massart. Concentration inequalities and model selection, volume
1896 of Lecture Notes in Mathematics. Springer, Berlin, 2007. Lectures
from the 33rd Summer School on Probability Theory held in Saint-Flour,
July 6-23, 2003, With a foreword by Jean Picard.

G. Pisier. Some applications of the metric entropy condition to harmonic
analysis. In Banach spaces, harmonic analysis, and probability theory
(Storrs, Conn., 1980/1981), volume 995 of Lecture Notes in Math., pages
123-154. Springer, Berlin, 1983.

P. V. Rao and L. L. Kupper. Ties in paired-comparison experiments: A gen-
eralization of the Bradley-Terry model. J. Amer. Statist. Assoc., 62:194—
204, 1967.

Gordon Simons and Yi-Ching Yao. Asymptotics when the number of pa-
rameters tends to infinity in the Bradley-Terry model for paired compar-
isons. Ann. Statist., 27(3):1041-1060, 1999.

C. Sire and S. Redner. Understanding baseball team standings and streaks.
Eur. Phys. J. B, 67:473-481, 2009.

T. Yan, Y. Yang, and J. Xu. Sparse paired comparisons in the Bradley-
Terry model. Statist. Sinica, 22(3):1305-1318, 2012.

Ofer Zeitouni. Random walks in random environment. In Computational
complezity. Vols. 1-6, pages 2564—2577. Springer, New York, 2012.

E. Zermelo. Die Berechnung der Turnier-Ergebnisse als ein Maximumprob-
lem der Wahrscheinlichkeitsrechnung. Math. Z., 29(1):436-460, 1929.

22



	Introduction and Results
	Proof of Theorem 1
	Construction of sN and zN
	Proof of (5)


	 Proof of Theorem 2 and Theorem 3
	Construction of z0N, z1N, z-N and z+N
	Conclusion of the proof of Theorem 3
	Conclusion of the proof of Theorem 2


